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Abstract

This thesis investigates two problems in Nonlinear Partial Differential Equations, one involving the
Bilaplacian operator and another involving the Laplacian operator.
First, we study the problem

A%y =uPte 4+ \u in By,

u>0 in By,
Au=u=0 on 0By,
where By is the unit open ball in RN, N > 8, p = %, € > 0 is small and ) is a positive constant

depending only of e. Our objective is to find positive solutions to the problem in the form of a tower
of bubbles that concentrate at the origin as ¢ — 0.
Secondly, we study the problem

—Au = |z|*uPate 4 M\ |zPu in Q,
u>0 in Q,
u=20 on 0f),

where Q is an open set in RN, N >4, o > —2, —2<,B<N—4,p2:%,€>Oisasmall
parameter and A\. > 0 depends on € such that A\, — 0 as ¢ — 0. For this problem, we obtain two
results. To obtain the first result, we consider § to be a bounded domain in RY which is symmetric
with respect to x1, 9, ..., xN and contains the origin, and we find solutions in the form of a tower of
bubbles of order o that concentrate at the origin as € — 0. To obtain the second result, we consider
Q = RN\ By, an exterior domain, and we find solutions in the form of a tower of bubbles of order
« that flatten out as ¢ — 0.

To prove the above results, Emden-Fowler type change of variables, Lyapunov-Schmidt
reduction method and Topological Degree Theory are used.

Keywords: Lyapunov-Schmidt reduction, Emden-Fowler change of variables, Topological Degree,
Tower of bubbles, Critical exponent.
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Resumen

Esta tesis investiga dos problemas en Ecuaciones Diferenciales Parciales No lineales, uno que
involucra al operador Bilaplaciano y otro que involucra al operador Laplaciano.
Primero, estudiamos el problema

A%y = uPTe + N\u en By,

u>0 en By,
Au=u=0 sobre 0B,
donde B; es la bola abierta unitaria en RN, N > 8, p = %, € > 0 es pequeno y A; es una constante

positiva que depende tinicamente de €. Nuestro objetivo es encontrar soluciones al problema en forma
de una torre de burbujas que se concentran en el origen cuando € — 0.
En segundo lugar, estudiamos el problema

—Au = |z|*uPat 4 M\ |zPu en Q,
u>0 en ),
u=20 sobre 0f),

donde © es un conjunto abierto en RN, N >4, o > -2, -2 < f < N — 4, pr = %, € >0es

un parametro pequeno y A: > 0 depende de € tal que A\, — 0 cuando € — 0. Para este problema
obtenemos dos resultados. Para obtener el primer resultado, consideramos €2 siendo un dominio
acotado en R el cual es simétrico con respecto a 1, s, ..., Ty y contiene el origen, y encontramos
soluciones en forma de una torre de burbujas de orden « que se concentran en el origen cuando
€ — 0. Para obtener el segundo resultado, consideramos = RV \ By, que es un dominio exterior, y
encontramos soluciones en forma de una torre de burbujas de orden « las cuales se aplanan cuando
e —0.

Para probar los resultados antes mencionados, se utilizan un cambio de variables tipo
Emden-Fowler, el método de reducciéon de Lyapunov-Schmidt y la teoria del Grado Topologico.

Palabras claves: Reduccion Lyapunov-Schmidt, Cambio de variables de Emden-Fowler, Grado
Topolégico, Torre de burbujas, Exponente critico.
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Chapter 1

Introduction

1.1 Motivation

Partial Differential Equations, or PDEs, are mathematical equations that involve functions and
their partial derivatives with respect to multiple variables. Usually, the general form of a Partial
Differential Equation can be written as

7 Oou 0?u  0%u 0
Tlyeo oy TNy Uy ey 5y Ty e - | =

1, y LN, U, (9.1'1’ ) ax%v dx10xo )
where u = u(x1,...,zy) is the unknown function and z € RY is the variable.

Partial differential equations can be classified into various categories, being the most common
classifications order, determined by the highest derivative that appears in the equation; and linearity,
determined if the equation involves linear or nonlinear terms of w.

The importance of PDEs is not limited to just the math field, but into various fields of science
and engineering. Indeed, they are fundamental in modeling physical phenomena, analyzing and
designing systems, finances and model processes such as population dynamics and the spread of
diseases.

Due to the aforementioned, Partial Differential Equations are crucial to mathematical mod-
eling in numerous scientific and engineering disciplines. Their ability to describe complex systems
and predict the behavior of various phenomena makes them indispensable in both theoretical and
applied contexts. This makes the study of PDEs very interesting and rich, creating a wide range of
problems. In particular, this work will focus on two problems, one involving the Laplacian operator
and the other one involving the Bilaplacian operator. These differential operators will be addressed

below.

1.2 The Laplace operator and some preliminary results

At the beginning of the 19th century, the French mathematician Pierre-Simon Laplace (1749-1827)
introduced an important differential operator that would later be named after him: the Laplace
operator, or Laplacian, denoted by A.

The Laplace operator has many interpretations, but one of the most commonly used states



that the Laplacian of a function corresponds to the density of the flow of its gradient, which, in
Euclidean space, leads to the definition

N 82
A =div(V) = Z R

i=1

In simple terms, it measures the rate at which a quantity (such as temperature, pressure or density)
varies at a given point in space. To give a more precise understanding, it measures how a function
changes in different directions (gradient) and then it tells us whether a flow (like wind or heat) is
entering or leaving a particular point (divergence).

The Laplace operator is widely used in various branches of science and engineering. A few of
such examples of its applications are given below.

1. Heat flow: In heat transfer problems, the Laplacian of temperature represents the spatial
distribution of heat with the equation

ou(z,t)
ot

The Laplacian in this case tells us where heat is flowing in or out. Areas where the Laplacian

Au(z,t) =

is positive mean that heat is accumulating, while areas where it is negative mean that heat is
being lost.

2. Electrostatics: In electrostatics, the Laplacian of electric potential gives the charge distribu-
tion in a given region with the equation

AV (x) = —pif).

A positive Laplacian indicates a region of positive charge density, while a negative one suggests
negative charge.

3. Fluid flow: In fluid mechanics, the Laplacian appears in equations governing fluid flow, such
as the Navier-Stokes equations. It describes the spatial variation of velocity, pressure, and
other fluid properties.

4. Image Processing: In image processing, a discrete version of the Laplacian is applied to an
image. By analyzing the Laplacian of an image, it is possible to identify edges and sharpen
blurry details. Edges often have rapid changes in intensity, which the Laplacian picks up on.

5. Quantum mechanics: In quantum mechanics, the Laplacian operator arises in the
Schrodinger equation, which describes the behavior of quantum particles. It represents the
kinetic energy of particles in terms of their wave functions.

As we can see, this seemingly simple operator has a wide variety of uses, making its study, even to
this day, very important. One of these studies was conducted in the early seventies on the stability
problem of stationary stellar systems without the possibility of contact. After several studies by
astronomers, physicists, and mathematicians, they managed to establish some sufficient stability



conditions for certain problems where the distribution function depends only on the energy per unit
mass of the star. The established stability conditions were two: the spherical polytropes must have
isotropic velocity distribution and the polytropic exponent needs to be p > % Mathematically, a
polytrope refers to the solution of the equation

1 d [ ,df .
il ) = 1.2.1
r2dr (T dr> o, ( )

which is known as the Lane-Emden equation. In the original work, the equation was posed in
B; C R3, the open unit ball in dimension 3, with r = |z|.

However, there was a problem: the stability of the system could not be guaranteed if one of
the aforementioned conditions was not met. This motivated Hénon [23] to study the problem and
publish his results in 1973. In that work, Hénon introduced the equation

L d ( 2d0> — —rgPt3, (1.2.2)

2ar\" dr

known as the Hénon equation, where 1 > —2. Then, through the application of numerical experi-
ments, Hénon concluded that, in general, any polytropic model with an isotropic velocity distribu-
tion is stable, and furthermore, he determined that the critical value of the polytropic exponent was
n=1/2.

For higher dimensions, the equation (1.2.1) can be extended to the equation

—Au =uP (1.2.3)

and it is called as Lane-Emben equation. Similarly, the equation (1.2.2) can also be extended to
higher dimension to the following equation

—Au = |z|%uP (1.2.4)

known as Hénon equation.

Both the Lane-Emden equation and the Hénon equation have been extensively studied for a
long time, see for example [5, 8, 24, 35] and [22, 31, 32| respectively.

In particular, we are interested in studying a problem that arises from

—Au=uP in Q,
u>0 inQ, (1.2.5)
u=0 on 99,

where  is a smooth bounded domain in RY and p > 1. The first significant contribution to

problem (1.2.5) was done by Pohozaev [34]. In that work, it was proven that if Q is star-shaped
N+2
NJ_r27
the embedding H}(2) < LP1(Q). This embedding is continuous but not compact when p = pj,

and p > pj = then (1.2.5) has no solution. The exponent p = pjj is the critical exponent for
which causes the failure of the Palais-Smale condition and presents significant challenges in proving
the existence of solutions. This raises a natural question: is it possible to find solutions when the
exponent is p > pj? To recover the existence of a positive solution when p > pj, we have two



main options: one is to perturb the topology of the domain (see [24, 5]); the other is to perturb the
equation by adding a lower-order term. This thesis will focus on the latter option.
It is well known that, in a celebrated paper, Brézis and Nirenberg [6] studied the existence of
solutions to the problem
—Au=uPo + \u in Q,
u>0 in Q, (1.2.6)
u=20 on 0,

where € is a bounded smooth domain in RY, N > 3 and A > 0. They proved that for N > 4 and
A € (0,\1), where A1 denotes the principal eigenvalue of the —A on €, there exists at least one
positive solution. Additionally, they established the same result for N = 3, under the condition that
Qs a ball and A € (3, \y).

When p is slightly supercritical, Del Pino, Dolbeault and Musso [13] proved the existence of
positive solutions to the problem

—Au=uPote 4 \u in By,
u>0 in By, (1.2.7)
u="0 on 0B,

where B is the unit ball centered at the origin in R, A > 0 is small enough, € > 0 is a small
parameter and N > 4. The cornerstone of this result is the relationship between the solutions of
(1.2.7) with solutions of the critical Lane-Emden equation in the whole space

~AU =U? in RV, (1.2.8)

Indeed, in [8, 11| the moving planes method was used to prove that there exists a unique
radially positive symmetric solution of (1.2.8), up to translation and rescaling; and that all its
solutions in DV2(R™M) have the form

N+42

U AN 1.2.9
n0(2) =N (M) ) (1.2.9)

with z € RY | vy = (N(N — 2))¥ and g > 0. In the literature, the functions (1.2.9) are known as
bubbles.

With respect to the problem (1.2.7), Del Pino, Dolbeault and Musso found solutions exhibiting
a shape of a tower of bubbles by using a finite-dimensional reduction scheme. Specifically, given
€ > 0 small enough, by considering p = pj + ¢ and A = A, with A, going to 0 as € goes to 0 on a
suitable rate of a power of e, they constructed solutions to (1.2.7) of the form

k

ue(z) = Up,o(z) (1+0(1)), (1.2.10)

i=1

where 0o(1) — 0 uniformly on By ase — 0, k € N and p; are positive parameters chosen appropriately.
For N = 3, they also obtained sharp results in the same spirit, see [14].

The relationship established in [13] will be useful later for analyzing our problems, using the
corresponding equations.



On the other hand, in the Hénon equation on the whole space
—AU = |2]°UP in RY,

with p > 1, the weight |z|* with a > —2, appears multiplying the nonlinearity. This modifies the
global homogeneity of the equation and shifts up the threshold between existence and nonexistence

of solutions, changing the critical exponent from pj = % to p} = Nﬁij;o‘ This gave rise to the
critical Hénon equation in the whole space
~AU = |z|*UP~ in RY. (1.2.11)

Similarly to the case of the Lane-Emden equation, it is known that, up to rescaling, there exists a
unique radially symmetric positive solution of (1.2.11), and all positive radial solutions of (1.2.11)
in D2 (RY) have the form

rad

24a N-2
= e o RY 1.2.12
Up,a(®) = YN0 W S ) (1.2.12)

N—-2
where p > 0 and v = ((IV + a)(N — 2))2@+); see [20]. To be more specific, radial solutions in
Difj(RN) if @« >0, o0rin HL (RY) N LE (RY) if ~2<a <0, all have the form (1.2.12);see [22] and
[18] respectively. Functions U, , are known as bubbles of order o, and they are the only positive
radial functions in Diﬁl(RN ) that achieve the best Hardy-Sobolev constant in the radial context for

the inequality

) 2
>
||VUHL2(RN) > SN,a\|U||L2JJ\\§7t22a(RN7|x‘Q),

see [25, 22|.

However, there are not only similarities but also differences between the Hénon equation and
the Lane-Emden equation. Indeed, unlike the case o = 0, the presence of the term |z|* makes
(1.2.11) difficult to study, since it does not allow to use the moving planes method to obtain the
radial symmetry around any point in RY, leading to the appearance of nonradial solutions. This
issue was addressed using bifurcation theory in [22].

This phenomenon drew attention to the Hénon problem

—Au = |z|*uP in Q,
u>0 in Q, (1.2.13)
u=0 on 012,

where € is a smooth and bounded domain in RV, N >3, a > —2 and p > 1. Ni [31] was the first
to study this problem and found a solution when Q = B; and p € (1,p}). It was later proved that
this solution is, in fact, unique up to dilations [32]. On the other hand, by a Pohozaev type identity,
no solutions exist for (1.2.13) if p > p? in star-shaped domains. This once again raises a natural
question: is it possible to find solutions when the exponent is p > p’? The answer to this question
is affirmative.

In the critical case, i.e. p = p,, there is an emblematic work due to Gladiali and Grossi [21].



In this work, they found positive solutions to the problem

—Au = |z|*uPa + Nz|Pu  in Q,
u>0 in Q, (1.2.14)
u=0 on 051,

where p}, = %, Q is a smooth and bounded domain in RY, N >4, 0€ Q, a >0, 3> 0 and
A > 0 is a positive and small parameter. It is important to note that this result managed to cover
the cases where « is odd, which had not been addressed until then, making it a very significant
result.

In the supercritical case, i.e. p > p¥, Liu [27] studied and proved the existence of a tower of
bubble type of solution for the more general problem

—Au = |x!o‘up<*>¢+E + )\5\37|BU in By,
u>0 in B, (1.2.15)
u = 0 on 8B]_,

where By is the open unit ball in RN, N >3, a0 >0, -2 < 8 < N —4, p;, = 2082 = > 0is a
small parameter and A\. > 0 depends on € such that \. — 0 as € goes to 0. One of our objectives is
to extend this result to more general domains, including the case of the exterior domain, as well as
considering the range —2 < a < 0.

1.3 The Bilaplacian operator and some preliminary results

The bilaplacian operator plays a significant role in various fields such as physics and engineering.
Mathematically, it is defined in N dimensions as

A2u(z) = A(Au(z))
N 52 N 52
= (i_l 8:612) jﬂ@ u(z).

In practice, partial differential equations involving the bilaplacian operator are used to solve
problems coming from different applications areas. Some exaples are given below.

1. Solid mechanics: The bilaplacian operator models the deflection of thin plates through the
biharmonic equation, also known as the Kirchhoff-Love equation

2 q(z,y)
Au(z,y) = ——5~,
where u(z,y) is the deflection of the plate in the mid-plane, ¢(z,y) is the load applied to the
plate and D is the flexural rigidity of the plate. This equation is derived from the equilibrium
equations and Kirchhoff’s hypotheses, such as the material of the plate being linearly elastic,
the thickness of the plate being smaller than the other two dimensions, the plate being initially
flat and the deformations being small compared to the thickness of the plate.



2. Fluid mechanics: The biharmonic operator is essential for modeling the stream function of
steady, incompressible, and viscous flows. It provides a means to obtain velocity and pres-
sure fields from the stream function, which are critical for understanding and predicting fluid
behavior.

3. Mathematical physics: The biharmonic operator appears in quantum mechanics, particu-
larly in problems involving the Schrodinger operator.

Recent research has made significant progress in understanding positive solutions for bihar-
monic equations, particularly through the use of advanced techniques from nonlinear analysis and
functional analysis. The fourth-order Lane-Emden equation

A%u =P in RV, (1.3.1)

has been Studied in depth and shares some results with its second-order counterpart When N > 5
N 4, the distinguished
paper by Lin [26] establishes that all positive solutions of the problem (1.3.1), after rescaling and

and 1 < p < N 4, there are no positive solutions, see [38]; whereas if p =

translation, possess the same structure

N—-4

_ 1% 2
U _ 1.3.2
M,Q,O(x) TN,2 (MZ + |JI’2> ’ ( )

where > 0 and o = [N(N —4)(N - 2)(N + 2)]%. Moreover, similarly to the second-order
case, U, 20 satisfies the condition to achieve the best constant for the Sobolev inequality

12wl @y > Swvllul?

LN 4(RN)
see [25].
Consider now the problem
A%y = uP in Q,
u> 0 in , (1.3.3)

Au=u= 0 on 052,

where € is an open bounded domain in RY. When Q = By, the open unit ball in R, the problem
(1.3.3) satisfies the Palais-Smale condition when 1 < p < %,
tionals associated with (1.3.3) to find infinite solutions through minimizers [19]. However, when

2N
p > NE1 the Palais-Smale condition is not satisfied, and thus the injection H? N H(Q) «— L~

allowing the use of energy func-

N—4>
loses compactness, leading to a non-existence result for positive solutions in star-shaped domains
[38]. Consequently, p = N—J_r‘l is the critical exponent for the equation (1.3.3).

Again, as in the case of the Laplacian operator, a natural question arises: it is possible to find

solutions when p > & +47 The answer to this question is once again affirmative.
N+4
N-4
bisse and Ahmedou [17] prove how the topology of the domain influences the existence of solutions

For p = by using an algebraic topological argument due to Bahri and Coron ([5]), Ebo-

to the problem (1.3.3). Recently, a related result was obtained by Sangdon and Seunghyeok [36],



who proved the existence of solutions in a punctured domain for a system of equations that, in a
particular case, can be reduced to the problem (1.3.3).

For p > %‘*‘i, a recent result by Martino and Maalaoui [29] proved the existence of solutions
by adding a small hole within the domain. Additionally, a more recent result by Alarcén and Pistoia
[3] found solutions in an exterior domain. But is it possible to find solutions in the supercritical case

in a bounded domain without altering its topology? Our work provides an answer to this question.

1.4 Presentation of the problems and results obtained

In this section, we present the problems to be studied, as well as the results obtained.
The first problem studied is

A%y = wPt® + \ou in By,
u> 0 in By, (1.4.1)
Au=u= 0 on 0By,

where B is the open unit ball in RN, N > 8, p = N +4 , € >0 is small and ). is a positive constant
depending on €.

The objective is to find positive solutions, under Navier boundary conditions, which take the
form of a tower of bubble concentrating at the origin. The result found is

Theorem 1.4.1. Let By be the open unit ball in RN, with N > 8 and k € N Then there exist
numbers 7, > 0 and € > 0, such that if n € (7, +00), € € (0,8x) and A\ = nsN , then there is a
pair of solutions ufe : B1 — R to problem (1.4.1) defined as

ZPBIU + (1) + pe(z), @€ B (1.4.2)

1-24

where ,uw = eN- Noabie — MieN 1 for each i = 1,2,...,k, with Mli,Mzi,...,M,j[, being positive
constants that depend only on N and k; and pe(z) is a function of lower order than every Pp, U+ (z)
in Bi, with . — 0 uniformly on compacts as ¢ — 0. 7

Fig. 1. Functions (1.4.2) taking the form of a tower of bubbles, choosing k = 20, ¢ = 0.01 and
N =6.



The second problem studied is

—Au = |z|*uPate 4 N\ |z/Pu in Q,

u> 0 in Q, (1.4.3)
u= 0 on 0f),
where  is a smooth bounded domain in RY, N > 4, which is symmetric respect to x1,za, ..., TN

and contains the origin, a > =2, -2 < § < N — 4, p}, = %, € > 0 is a small parameter and
Ae > 0 depends on ¢, with A\, — 0 ase — 0.

Our main focus lies in finding positive solutions that take the form of a tower of bubbles of
order «, exhibiting a concentration phenomenon at the origin. The result found is

Theorem 1.4.2. Let Q be a bounded smooth domain in RN, N > 4, which is symmetric with respect
to x1,x2,...,xN and contains the origin. Let k € N, a > —2 and —2 < f < N — 4. In addition,
suppose that one and only one of the following conditions holds: either

Hy) « is not an even integer, or

Hy) a =2(m — 1) for some m € N, m > 2, and Q is invariant for the group O(M), where M is
an integer M > o,,.
N—4-8
Then, there exist numbers ni > 0 and & > 0 such that ifn € (g, +0), € € (0,&) and \e =ne ¥-2_ |
then there are positive constants u;-tg,a, for 5 =1,2,...,k, which depend on k, N and n, and a pair

of solutions ute : Q — R to problem (1.4.3) such that
k
uj () = ZPQUM;Q(%) +pe(x), €, (1.4.4)
j=1

2i—1
where ,uita = Miie N=2 for each i =1,2,...,k, with Mli, MQi, cees M,;t, being positive constants that
depend only on N,k and o, @ is a function of lower order than every PQUM:_}: o S, with oo — 0
je?
uniformly on compacts contained in Q) as € — 0.

Fig. 2. Functions (1.4.4) taking the form of a tower of bubbles, choosing k = 20, ¢ = 0.02, « = 10
and N = 6.

Remark 1.4.3. After carrying out a dominated balance on the equation, it can be directly verified
that the announced solution is valid for B > —2 and € small enough. On the other hand, if 3 > N —4



and € s small, the reduced functional has no critical point; and if 5 = N — 4, then the integral
2(N—2)

IS 242 _
/ o~ 50 -2 (1+€—‘§\T_2‘Sp) =

—0o0

does not converge, and since this is crucial in our reasoning, we cannot deal with both cases here.

Remark 1.4.4. The linear non-degeneracy of equation (1.2.11) was established in [22] for the case
a > 0. This non-degeneracy result can be extended directly to the case a>—2 following the ideas in
[2], as the computations there are stable as s — 1. Note that although the regularity of the solutions
when —2 < «a < 0 differs from the case o > 0 (see [18]), as far as we are concerned, this does not
hinder our reasoning. Therefore, we may consider o> —2.

Remark 1.4.5. Case N = 3 is significantly different in consideration of the generality established
for N > 4. Thus, whether or not outcomes similar to those presented here are valid remains an open
question for N = 3.

Furthermore, we extend our study onto exterior domains, with the problem

—Au = |z|*uPa¢ — A |z|Pu in RN\ By,

u>0 in By,
u=20 on 0By, (1.4.5)
lim sup ||V ?u(z) < oo,

|z| =00

where Bj is the open unit ball centered at the origin. Pointing in this direction, our next goal is to
study the existence of positive solutions that also take the form of a tower of bubbles of order «,
but in this case it progressively flattens as € tends to zero. The result we found is

Theorem 1.4.6. Under the hypothesis of Theorem 1.4.2, there exist numbers ni > 0 and &, > 0 such
N+B

that if n € (N, +00), € € (0,6;) and \e = neN-2, then there are constants fiic o, fori=1,2,...,k,

which depend on k, N, n and €, and a solution ug . : RNV \ By — R to problem (5.1.6) such that

k

we(@) = 3 Py, Ui (@) + e Voe(a), @ € R\ By, (1.4.6)
i=1
1—2¢
where e o = MieN=2 for each i = 1,2,...,k, with My, Ma, ..., My, being positive constants that
depend only on N,k and «, and |x|* N, is a function of lower order than every Prv\ g, Upje o in
RN\ By, with ¢. — 0 uniformly on compacts contained in RN \ By as ¢ — 0, with Pen g, Uy,
being the projection onto HY (RN \ By) of the function Upjeos for j=1,2,... k.

10



Fig. 3. Function (1.4.6) taking the form of a tower of bubbles, choosing k = 3, « = 10, N = 6 and
e =0.5.

Remark 1.4.7. Working on the exterior of the unit ball allows us to use a Taylor expansion of a
certain functional in a bubble, thereby avoiding the difficulties that arise when trying to incorporate
the regular part of Green’s function in an exterior domain.

1.5 Structure and method used

The proof of Theorem 1.4.1, 1.4.2, 1.4.6 are based on the well-known Lyapunov-Schmidt reduction
method under the approach introduced by Del Pino, Felmer, and Musso [15]. First, to establish an
initial approximation of the solution, an Emden-Fowler type change of variables is used. Next, the
linearized problem is studied, which forms the basis for performing the finite-dimensional reduction
process. Then, by employing a non-degeneracy result, the use of norms in weighted spaces, various
integral estimates, and Banach’s fixed-point theorem, the reduction process is completed, leading
to the problem of finding critical points of a functional defined on R, concluding with the aid of
Topological Degree Theory.

11



Chapter 2

Positive solutions for some almost
critical Brezis-Niremberg problem of
fourth order in a bounded domain

2.1 Ansatz

In this section, we aim to identify a suitable ansatz for a function u that solves the following problem

A%y = uPTe + N\u in By,
u>0 in By, (2.1.1)
Au=u=0 on 0By,

where Bj is the open unit ball in RV, N > 8, p = %, € > 0 is small and ) is a positive constant
depending on .
Consider the equation

Au(z) = uP(z) inRV,
{ w>0 iRV, (212)
for which all positive radial and symmetric solutions are given by the bubbles
S
Up2,0(2) =YnN2 <u2+|x!2> , (2.1.3)

form some p > 0 and Jy 5 = [N(N — 4)(N — 2)(N + 2)]%
For convenience, we define

_N—-4
2

U(z) = Urpo(z) =Ty o(1+ [2]?)

12



and

Up(r) = Up20(x) = Fn2 (#W)

N—-4

2

= vz ()
_ N—-4
= Ynon z (1+|pzl?)
N—4
= w2 Upx).

_N—4
2

An initial observation about the bubbles is that they do not satisfy the boundary condition of the
problem (2.1.1). To establish an appropriate ansatz, it is natural to make a correction to the bubble
U, by projecting it onto the Hilbert space H{(B1) N H?(By). Let Pp,U, be the projection onto this
space. Then Pp, U, satisfies

A’Pp U, = Ul in By,

PpU,= 0 on0By, (2.1.4)
APBlU,u =0 on 831

Consequently, we can define 7(x) := Pp,U,(x) — U,(x), which is the unique solution of the problem

A’ =0 in By,
7= —U, ondB, (2.1.5)
Am = —AU, ondB;

and is given by
AU,(1)

2N

-U,(1) - Agj\gl)w. (2.1.6)

m(z) =
Proof. Let m(x) = a + b|z|>. Using the Laplacian formula in polar coordinates, we have

Ar(lz]) = 7 (|z]) + L7 (|2])
= 2b+ AL - 2b|a|
— 2N,

which implies A%7(z) = A(A7(x)) = 0. To determine a and b, we use the boundary conditions of
the equation and solve the associated system. In other words, when |z| = 1, we have a+b = —U,(1)
and 2Nb = —AU,(1), resulting in

AUL(1)

a="on ~UnD, b=~

2N ]

To continue in our search for an ansatz, we will transform problem (2.1.1) into an equiv-
alent one, using an adaptation of the Emden-Fowler transformation. For this, some preliminary
calculations are needed.
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2.1.1 Preliminaries

Given that u(x) = u(|x|) = u(r), the Laplacian in polar coordinates is expressed as

Au(r) =u"(r) +

which implies

A%u = A(Au)

1) v N—1.nv N—1,n

u—rgu—ﬂu—i—

— u® 4 2(N=1), + (N—lng—3)u// - (N—l)gN—3)u/_

T

Thus, (2.1.1) becomes

Q(N_ 1)u///—i— (N_ 1)(N_ 3)u//

(4)
ur r r2

Consider now the transformation

u(r) = Ce™u(t

and a a constant to be determined later. Direct calculations show that

u'(r) = (Cae™v(t) + Ce™'(t)) é

= CetlaD) (av(t) + /(1)) ,

u”’(r) = C(a — l)e'f(‘kl)l (av(t) + /(1)) + Cetle=1) (a'(t) + 0" (1)) E

et

= 0 [(a® — a)(t) + (2a — 1)/ (t) + 0" ()] ,

W"(r) = Cla — 2D L [(a2 — a)o(t) + (2a — 1)/ (t) + "(1)]

(&

£ (@ — /(1) + (20— (1) +0"(0)]

);

withr =e

N—L1,m _ (N_sl)

™

2 N_12
u/+( r2) o

= Ce'®3) [(a® - 3a® + 2a)v(t) + (3a® — 6a + 2)v'(t) + (3a — 3)v"(t) + " (1)]

14



u) = C(a - 3)6““_3)% [(a® — 3a® + 2a)v(t) + (3a® — 6a + 2)V/(t) + (3a — 3)0"(t) + v (t)]

1
+ Cete?d) [(a3 — 3a% + 2a)V/(t) + (3a2 — 6a + 20" (t) + (3a — 3)v"(t) + v (t)] S
= Ceflod) [(a4 — 6a® + 11a* — 6a)v(t) + (4a® — 18a® + 22a — 6)v/(t)

+ (6a” — 18a + 11)v" () + (4a — 6)0"(t) + v (#)] .
Replacing on (2.1.7)

Ce @D (0@ (1) 4+ Ca™ (£) + Cov” (£) + C10' (£) + Cou(t)) = CPHEes P pHe (1) L X Ceu(t), (2.1.8)

where
C3 = (4a—6)+2(N —1),
Cy = (6a® —18a + 11) + 2(N — 1)(3a — 3) + (N — 1)(N — 3),
Cy = (4a® — 18a% + 22a — 6) + 2(N—1)(3a® — 6a + 2) + (N—1)(N —3)(2a — 1)
—(N-1)(N=3),
Co = (a* — 6a® + 11a® — 6a) + 2(N—1)(a® — 3a® + 2a) + (N —1)(N—-3)(a® — a)
—(N—-1)(N-3)a.
Taking € = 0, we seek the equality a — 4 = ap, hence a = f¥. Substituting into the constants
above, we find
Cs =0,
N2
02 - —7 + 2N - 4,
Cy =0,
N2
— (N —4)?
C’0 16 ( ) )
and therefore, (2.1.8) transforms into
(4) 1 2 " N? 2 —1+¢ ate, p+e 4t
v\ (t) — §(N —4N +8)v"(t) + E(N —4)%v(t) =CP M VPTE £ A e u(t). (2.1.9)
Letting v.(p) = v(t), with p = at, we have
4,(4) a’ 2 1" N? 2 1+ + 4p
@olD(p) = TN? — AN + 8)0l/(p) + S (N = 0Puu(p) = OV e () - e ¥ s ).
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Choosing C such that CP~1+¢ = ¢*, we find

4
C = qr—1+=

4
N — 4\ r—1+e
- ()

yielding to
(4) " 2 4 4p
v*w—@ww+%mm=wwﬁw+&< >e”“”

N —4
with ( ) )
1 2(N%Z — 4N +38
= _——(N?—-4N =
04 2@2( + 8) (N — 4)2 )
N2 N2
Cs=— (N -4 = — .
5= T6at ) (N — 4)2

Notice that 1 — Cy + C5 = 0. Additionally, note that

um:(Ngﬂfhwmm

thus, the Emden-Fowler transformation sought is

vi(p) =T (u)(p) = <]\72—4) o e*pu(e_ﬁp), with r = ¢~ ¥-37, (2.1.10)

For the boundary conditions, we know that u(z) = 0 on 0B; means v,(0) = 0 and from
Au(1l) =u"(1) + (N — 1)d/(1) = 0,

we have

(N — 4)0"(0) — 40.(0) — Nv.(0) = 0.

Therefore, problem (2.1.1) becomes the equivalent problem

L(v,) = PP (p) + Aeace” =1°0,(p) in (0, 00),
Ve >0 in (0, c0),
(v) (0. 00) (2.1.11)
U*(O) = 07
(N = 4)v(0) — 4v,(0) = 0,
where .\
2 p—1+e
(5 <N—4> ,
L(v.) = v (p) — Cavl(p) + C5v.(p) (2.1.12)
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and the associate energy functional of (2.1.11) is

Eo(0.) = L(0.) — K.(v.), (2.1.13)
where
1 o0 4 1 o]

T W) == " 2 / 2 . 2 / 2 /6p pte+1 21.14
() =5 [ 020 Carl (0 Coon 0+ 5 (OF =g [ ). (211

and | oo
Ks(v*):AEaEQ/ eiﬁpv*(p)2 dp. (2.1.15)

0

Proof. Let w,v € H}(0,00) N H%(0, 00), with w satisfying (2.1.11). By direct calculations, we have
o 4
(DE:(w),v) = /0 (w"(p)v" (p) + Caw! (P (p) + Csw(p)v(p)) dp + 7= w'(0)v(0)

- / LW (p)u(p) dp — Acae / T w(p)u(p) dp.
0 0

Integrating by parts, leads us to

(DE.(w),v) = —w"(0)v'(0) + w"(0)v(0) — Cyw’(0)v(0) + Lw'(O)v’(O)

— W (O0(0) + — 1 (0 (0)

Choosing v € Hg(0,00) N H?(0, ) such that v'(0) # 0, then (DE.(w),v) = 0 and it follows that w
is a critical point of I..
In the other hand, if (DE.(w),v) =0, let v € C§°. By integrating by parts, we have

(DE.(w),v) —/Ooo(w(4> (p) = Caw"(p) + Csw(p) = ePwh™ — Aeace™ V32wt (p) Ju(p) dp,

thus w® (p) — Cyw” (p) + Csw(p) — ePwPte — )\Eage_%pwpﬁ(p) = 0. Moreover, if v € HZ(0,00) N
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H?(0,00), then once again we can integrate by parts to obtain

4
(DE:(w),v) = —w"(0)v'(0) + mw/(o)vl(o)-
Choosing v'(0) # 0, we conclude that (N — 4)w”(0) — 4w'(0) = 0 and this in turn means that w
satisfies (2.1.11). Henceforth, w is a critical point of E. if and only if, w satisfies (2.1.11). O

Now that (2.1.1) has been transformed into the equivalent problem (2.1.11), it is of interest
to obtain information from the transformed problem that allows us to find a suitable ansatz for
(2.1.11). In this case, we consider the limit problem (2.1.2) under the transformation 7 defined
in (2.1.10) and the solutions of the transformed limit problem as the main element of the ansatz.
Specifically, we are interested in studying the function

N—-4

, N
> LU (e, (2.1.16)

W(p) =T () = (M

which, after carrying out the transformation, takes the form

W)= (521) © e v (1+e )
4

= Kye™* (1 + e_mp)_T :

N—4
5 N—4
8 .

with Ky = (ﬁ) IN(N — 4)(N — 2)(N + 2)]
Also, note that if g #£ 1, then

Moreover, the function W (p) satisfies the equation
W (p) — CaW" (p) + CsW (p) — WP = 0. (2.1.17)
Proof. Indeed, by straightforward calculations
ST AN\ T 4
W'(p) = —Kne™? <1+6_N—4p) + Kye ? (—854) <1+6_N—4p) (—N4_4> e N-if
+

= —Kpye? (1 + e_ﬁp)7T + 2KN6_%’) (1 e_jp>7T ,
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W"(p) =

W (p) =

and

Fmy (85) N (1) () () T
i NN N i N—NFE 2N(N—2
— Kye? (1+e‘ﬁp> + 2K ye  N-aP (1+e_jp) (1+ (N_4)2))
_ N4, -4 ) *% 3N(N—-2) N(N-2)\ —N+£8, —A4 %
4K ye N (1—|—e o ) ((N%)Q )~|—8KN<(N74)2>6 N3 (1+e N3 )

N
+2Kye N3P (1 + e_ﬁ’v : (1 + 2%2}?) (_NQ_Z) <—N4_4> ¢ NP

_Nt4 4 N"% _
4Ky (%)e N74p(1+e Mp) 2 (3EVN<§4)22)>

st R (1) () () () e
sk (W) () e ¥ (1 emnter)
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N—-4

_4 ) N
N_4p> —SKNe N—

= Kye™? <1 +e

+8KN6_%’) (1—|—e—ﬁp> ’ 7(N_2)(3N§+8) — 32KN6_%’) <1+e_ﬁp>
_N+12 __4
+16Kye N2’ (1 +e N*4p)
Replacing on (2.1.17) we get,

W& - CW" + CsW =

N-2

"2 (N—2)(N2-4N48
<1+e Nw) (N-2)( i +5)

Z

(V—4)

_N+4
> N(N-2)(N+2)
-4

Kye™" (1 + e_%p>7T

N
8K ye NP (1 i e*%p) * (v 225\]}V24)4N+8)
N
_N+4 4 - _ 2
L 8K e N-1P (1+e 74p> 2 %

42
_N+8 4 S 4 B
B G s s
16K ye Vil (14 e mal 5 N2 (V1)
+ NE +e ot

N W [KNG P (1 + e_%p)iT
— 4K ye NP (1 i 6—ﬁp>’Tf N2
+4KNN 2@ N 4/’ (1+6—jp

+ %KNG_” (1 +e”

SKNG_%F’ (1 + e_ﬁp>_

(N=9)3
30K v~ NP (1 4 o~ P -5 N(N—2)(N+2)
- Ne te T N—4)3
16K 7NN+7142p 1 ,ﬁp _% N(N—-2)(N+2)
+ Ne te T N—a)

N+4

_N+t2
2

NN-2)(N+2)

(N—4)°

16K e N- 4"(1+e T) ’ N(N 2) N+2)[<1+6—N4_4p>2

_QG_ﬁp (1+€ Ni ) T N— 4pi|

N+4
Kye 501wt 2 B DA o)
_e—ﬁpr
N4,
Kyne PP <1—|—e N—4p> 2 K]p\7_1
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Just as the function U, did not satisfy the boundary conditions of the problem (2.1.1), the
function W (p) does not satisfy them either, so we are also interested in the function Il¢(p), defined
as He¢(p) := T (mu)(p), with £ = % log u1; and it verifies the problem

L(Ile) = 0 in (0,00),
I (0) = —W¢(0), (2.1.18)
AILg(0) = —AW(0)

and is given by

Te(p) = Aye™ + Age™ V17, (2.1.19)
where (N —4)? N —4 N —4
Ay = STWg"(O) - WWg/(O) -5 W)
and (N —4)2_ N-—-4__, N +4
Ay = —87NW5 (0) + WWE(O) + TWg(O).

Proof. From (2.1.6), let m, = a + b|z|?, where

AU
“T TN

~U,(1) and b=-—

By (2.1.10), we have

e = T(ma)(p) = (N2_4> T (7
(

N-4
Notice that U, (1) is equivalent to (£32) 2 We(0). Moreover, given Uy (z) = U,(|z|) = Uy(r), the

Laplacian in polar coordinates is expressed as

N -1

1" /
AU, (r) = Ujl(r) + =——Up(r).
From (2.1.16), we can use direct calculations to obtain
N4 Nea
U,/A('/“) :(7_4) 2 ef (_¥) efﬁwé(p)_k(%) 2 epwé(p) (_%) €7ﬁ
N-2

—— (554) 7 eN(W(p) + Welp))
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and

No2, N 4\ 2
7 et R=E (5 e R (WEp) + Welp)
2

(57
= (B4) 2 N (p) + Wi(p)) (254 )e

e (W(p) + 252 WL0) + K=3Welp))

— 72 . . .
where r = ¢~ ¥-1”_ Thus, upon substitution, we obtain

N _ _
A = (57 (W20 + 2P w0 + 2w 0)

SV = 1) (M54 (W2(0) + We(0)

Therefore, we can get

- N—-4 2N
= WL (0) + BAWL0) + YA (0)

For A1, notice that

Al = (%)TCL

N —

- (#4) 7 (32 -uo)

IS

= W) - BFWA0) - XHEWe(0) - (%) T (A5 7 W)

—4)2 _
= Bt WE(0) — B WH0) — W (0),

8N
To finish this section, we also consider constants 0 < & < --- < & in R and constants u;,
with ¢ = 1,..., k such that
N —4
§i = —5logpi.

Therefore, after all the study conducted in this section, it is reasonable to seek solutions of (2.1.11)

that have the form i

vee(p) =D (We,(p) + g, (p)) + 6(p),

i=1

where ¢ is a function expected to have small order in some sense to be specified, and depends on

the positive values ;.
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2.2 Expansion of the reduced energy

In this section, we will consider v, given by (2.1.21). To simplify notation, for i = 1,...,k and
positive values & € R, from now on we will use the following notation

k
Wi=We, =1 Vi:=W;+IL andV =)V, (2.2.1)
i=1

so that (2.1.21) can be written as V 4 ¢. Furthermore, we choose the parameters &; using the p;

conveniently, namely

1 )
68,1 = —510g8+10g,u1, §E,i+1 _6572' = —IOgE_IOgNH—la for i = 172)"'7k_ L. (222)

Before stating the main lemma of this chapter, we need an appropriate estimate for the previously
defined functions.

Proposition 2.2.1. The functions defined in (2.2.1) satisfy the following estimates
Wilp)| < Ce™lP=8l T(p)| < Ce V=81 and  [Vi(p)| < Ce VP78,
where C' is a positive constant depending only on N.

Proof. Given that the function W is even, we have
Wi(p) = Wi(—p)
= W(lp—&l)
= KNe_‘p_Ei‘ <1 + G_ﬁlp_§i|>i
< Kyelr=éil

N—-4
2

N—-4

since (1 4+ e_ﬁm_&' 2 <1.
For I1;(p), from (2.1.19) we know that this function can be written as a combination of W;(0),

W/(0) and W/ (0). Notice that, from previous calculation, we have

(Wi (0)] = [W'(=&)]

ININ

In the same way, we can estimate
W"(0) < Ce™ &
. Therefore N
Li(p)| < |A1le™ + |Agle” V=17
Cebie=f + Cebie™ N=1°
Ce—(p+&)
Cle— =il

VANRVANRPVAN
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Finally, for V, it suffices to use its definition to conclude that

Vilp)l < [Wilp)| + [Ii(p)]

< Celr¢il,
O
The objective of this section, is to prove the following Lemma.
Lemma 2.2.2. Let k € N, k> 2. Let § > 0 and assume that
S<p; <ol fori=1,2,... k. (2.2.3)

N—-8
Suppose that \c = neN-1, for some 1 > 0 sufficiently large. Then, for the V defined in (2.2.1) and
points & in (2.2.2), there exist positive numbers a1, as, as, ay,as, and ag depending only on N such

that
2

k
E.(V)=kay +eVi(p) + ?(5 loge)as + keag + O (),

where p = (11, 12, - - -, k),

k k
) 1 et
Uy () = ay E (k —i+1)logu; — kaglog u1 — as E ui—i—ag,? —agnuy ! (2.2.4)
i=2 i=2 1

and O () — 0 as € — 0 uniformly with respect to u; satisfying (2.2.3).

Proof. By Taylor, we can expand

d
L(V)=1)(V)+e (dEI}(V) > + o(e), (2.2.5)
e=0
where
ij (V) = ; /Oo espv(p)ereJrl dp — # /Oo pespvp+s+1 dp
de (p+e+1)% Jo pt+e+1/o
1 x
Tpreid /0 VI () nfe.) dp
and this in turn implies
d 1 © 1 o0
—I(V = VP (p)dp — —— V(p)Pttd
(£ )= G [ v o= [T oviortay
1 1 X (2.2.6)
—m ) V(p)p+ IH(V) dp
Define 1
(1 =0, Ci—i—l:§(§i+1+£i),i:1;'-->k_1 and (p + 1 = oo. (2.2.7)
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Note that

Git1 Gi+1
[T vrtean= e [ wiortdpe [ (VP - ity dp
Gi R Gi

Ci+1 Gi
+e / (Vi(p)P ™ = Wi(p)P*!) dp— e / Wi(p)P ™ dp
Gi —00

—c [ Wi(p)PTdp.

Gi+1

Knowing that W;(p) is even and Proposition 2.2.1, then

= Wi(p)pﬂ dp< C = e~ (PH1)]p=¢&il dp
Git+1 Git1
= Qe FD(Gi+1-8)

— Ce—%(p-i-l)(fiﬂ—fi)

In the same way, we can take y = p — &;

i Ci—&i
/ Wi(p)P*t dp = / W (y)P* dy

— 00

§i—G

== [ Wt

C e—(p+1)pdp
§i—G

— CePtD(G=8&),

IN

If i =1, then

G

Wi(p)Pt dp < CePtDG=8) — Ce=(rD& — Celpr)(zloge—logm) Ce' py

2[[/[/1

On the other hand, if ¢ > 2,

Ci p+1

Wi(p)PT dp < CePHDG=8) — Ce—3PHD(E—¢i-1) _ CepTHuiT.

k
2

Now, define f(t) = (V;(p) +t
J=1j#1

p+1
Vj(p)> . By the Mean value theorem

Cit1

Git1 k Py
[Tt vier do =< [T+ (Vo Vi) X Vi

Gi Gi j=1j#i j=1j#i
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for some v € (0,1). Moreover, as p € [(;,Ci+1] and Vj(p) < Ce™1P=41 we have

i

k -1 k
S Vilp) £ 3 Ce =&l 437 Cemlo4il
=1

J=L1j#i Jj= i+1
i—1 ) k )
<3 Ce2(&i—&i-1) +3 Ce2Eit1—6)
=1 it1
< Cesz,

thus

Njw

=Ce

N|=

Git1 Git1
5/ (V(p)P+1 _ V;(p)IhLl) dp < 8/(} Ce (Cit1 — G) = o(e).

Gi
Lastly, consider g(t) = (W;(p) + tI1;(p))P*!. By the Mean value theorem

Ci+l Citl
2 /C (Vi(p)P*tt = Wi(p)P*h) dp = ¢ /C (p+ 1) (Wi(p) + vILi(p))" TLi(p) dp,
but e™& < e78 < C’e%, then

¢i+1 1[Gt 3
3 / (Vi(p)P*! = Wi(p)P*!) dp < eCe2 / e dp = Ce2(Gir1 — G) = o(e).
Gi Gi

Therefore, (2.2.8) becomes
Git1
< [V dp =< [ Wortap+ o)
Gi R
and this in turn means that the first integral in (2.2.6) can be estimated as
5/ V(p)Pdp = 5k:/ W(p)PTdp + o(e). (2.2.9)
0 R

To estimate the second integral in (2.2.6), note that

Git1 Git1 Git1
e / pV(p)P*ldp = e / pWilp)Phdp + € / p (V)" = Wip)"™) dp
G G Gi

Git+1 Git+1 N
< f—:/ pW@-(p)p“derE/ pCe2 dp

Gi Gi
Cit+1 2 1Gi+1
= 6/ pWilp)Hdp + Ced £
Gi 2 Gi
Ci+1 )
= 5/ pWi(p)Pdp + o(e).
Gi

Next, we want to estimate the integral above. Note that pW(p)? g odd, therefore, using the
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change of variable y = p — &;

Git1 . 3 (i1—&) L
5/ oWi(p)Pdp = E/ (y + &)W (y)"dy
Gi -

2
L&—¢&1) $(&ir1-8)
-/ oWy < yW ()" dy
- %(&*51‘71)

L1-%) (&it1-8)
— +1 ) p+1
</ oW Pty + <6 [ W () dy,
2

(&i—¢&i—1) —3(&—&-1)
but
L&) n c L(&1-8) n
g W@y < S(Ein -6 W)y
L(&—&i-1) (&—&i-1)
< Chen-g) [ gy
2 1(&—&-1)
— Cg(fm —g)em 3 PHDE—6-)
5 pr1 ZEL
= C§(§z‘+1 — &) ?
= o(e).
Then,
Cit+1 Ci+1
€ / pV (p)P*idp = & W (p)"*dp + o(e) = &&; / W (p)P*ldp + o(e)
Gi Gi R

and this in turn implies

o k
o[ virtia - I LWy tdpofe)

where
k

Y b= a+b+Gtat. ..

=1

1 3
= —iloge—i—logm — ilogs—logug + log w1
5
—iloge — log 13 — log pi2 + log 11

7
—iloge—log,uz;—log,ug—logu2+logu1+...

2 k

k .
= —?logs—i—klogul - Z(k—z—i— 1) log p;.
i=2
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Following is to estimate the third integral in (2.2.6). Let

Cit1

Cit1
e / Vi log(Vp) dp= ¢ [ Wilp)" log(Wi(p)) dp
Ci Gi

Cit1
e /< (V(p)P ™ log(V(p)) — Wilp)P*! log(Wi(p))) dp

and define

f@t)=Wi(p) +1t (H Z Vi( ) and g(t) = (f(t))""" log(f(t)).
J=Llj#i
By the Mean value theorem,
Git+1 Cit1 Ci+1
[V 1oV (6)) - Wil og(Wie)) dp =< [ {9(1) ~ 9(0)dp == [/ w)dp,
Gi Gi Gi

for some v € (0,1) and where ¢'(t) = f(t)? ((p+ 1) log(f(¢)) + 1) f'(t). Notice that
F@P((p+ 1) log(f(t))+1) < C as W,II and V are bounded no matter the choice of p. Moreover,

J=13#i
Thus,
C1+1
. /< (V(p) 1 1og(V () — Wilp)" log(Wi(p))) dp = Ce? = ofz)
and this in turn means
< [V og(V(9) do = ek [ W(pP og(W () dp -+ ofe). (2.2.11)
0 R
Henceforth,
k
ek €
IV—IV—i—/prHdp— §i/pr+1dp

PP log(W (p)) dp + ofe).

p+1

To continue, we want to estimate Iy(V'). For that need to analyze the following

k 1 2
(V)= Ih(V;)= = V"2 4 CV? 4+ C5V3) dp + ——V' /Vp“d
V)=S0 =5 [ V) dp+ VO - )

k k
1
—22/ (V" + CqV? + C5V2) dp—iz
i—1 0 i=1
p+1z/ vy
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1 * "2 "2 C'4 o 2 12
=35 - v V- d
5 /0 (V Z V; o+ 2 ), p

Cs 2 2 2 /
+7 ; (V E V)dp—i—( E V
1 o
- Vp+1_ Vp+1 d .
p+1Jo ( Z ! P

i=1

Notice that
1 [ k -1 k i1
5 / (V//2 Z V//2) dp — / 9 Z Z V//V//dp Z Z / V//V// dp,
0 =2 j=1 =2 j=1
C ) k i—1
74 (V’2 Z V’2> dp=Cs > Y / ViV dp,
0 =2 j=1
C k i—1
25 ( Z\ﬂ) dp = 0522/ V;V; dp,
=2 j=1
and

2 '(0)? kv’02 _ 14 kHv’ov’o
N _1 V(O)_Zi() —mZZ 7 (0)V;(0).

Thus, by integrating by part

k k -1 50 k -1
=) (Vi) = ZZ/ (VI'V]" + CuV}V] + C5ViV;) dp + 7221/; 0)V/(0
i=1 =2 j=1 0 =2 j=1

1 = < +1 i p+1>
[ Vp _ Vz dp
p+1Jo i=1
k

= ZZ/OO C4vl/+C5V>Vdp—/ (VP+1 va-i-l) dp
0

1=2 j=1
k i—1 00 1 00 k
= ZZ/ WPV, dp—? (Vp-&-l_zvf—i-l) dp
=2 j=1 =1
k i—1 o Ciat
= ZZ/ WiV dp+ Z/ VpH VP“)d
i=2 j=1"0
Gy1 K
VP dp.
p+12/ z;;él
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Notice that

k -1 .~ kK k i—1 Cig1
SN [ wvao= 335 [ wivia
i=2 j=1"0 =1 i=2 j=1"¢
k 1-1 ¢ k k i— ¢
S e S S
=2 j=1"4 1=1 i=2,i#l j=1
ko=l ¢ ko=l ¢
=X [ X [T v vide
1=2 j=174 1=2 j=174
k k i—1 Gy
e S [
1=1 i=2,i#l j=1" G
k k ¢ ¢
-y > /HVVdp ZZ/lHleWdP
1=2 j=1,j417 % 1=2 j=I+1
k 1-1 Cla1
+ZZ/ (WP — Vdp+z Z Z Wy, dp,
1=2 j=1"¢ =1 i=2,i#l j=1
as a consequence
k 1 k Ci+1
Io(V) =) I(Vi 12/ VP vt L (p 4 1) Z VPV | dp
i=1 p+ 7=1,j#l
k-1 k G k I— G
S [T S [ v - v v
1=1 j=1+1"4 1=2 j=17G
k k Cit1 v Ga1 K ol
+ZZZ< WPVjdp + +1Z/ > vPtdp.
1=1i=2,i#l j=1 "5l G i=1,i#£l

Let By, B2.Bs, By and Bs be the terms of the previous equation respectively. We will prove that
every term but Bs are of lower order.

Note that we can easily estimate Bs, By and By using the definition and properties of V;, W; and
II;. Indeed, by the Mean value Theorem

IA

Q

I M

L[]
~—
£

=

=

N
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For By, for all [ > 2,

Finally, for Bs,

For By, define f(t)

By =

I IA
Q Q
M= gk

IA
&
(]

k Ci+1
),

Qi+

WV dp

Cit1

e Plr=Sile=lr=8l g

k k i—1
—|p+&i—¢51 dp

G+1—&
Z / o plol,
—1JG&

i—1

i: /Cl+1 =& .

—plelelel=l&i=&il g

AN
Q
K

k

Z Vip-‘rldp

k
=176 =14l
k

IN

1 G
=y
k
1 Q41 _ s
— E Z / e~ PHDlr=&il g,

I=1 i=1,i#l %

_ 1 ee-e

p+1
Le*(lﬁl)(gf&)
p+1

C p+1 (§1+1 51)

p
p

Cit1

G

IN

IN

< Cez.

k

=(Vi+t Z V;)P*1. Using the Mean value Theorem

j=1,j#l

=1 j=1,j#

k Gyt k
> [T (o s e X vy

=17 =LAl
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_ Xk:/%(‘z w(-(wwfj Vj)p—i-le>>dp with 9 €0, 1.

k
Now, let g(t) = (V; + ¥ Z V;)P. Then

J=1i#l
k Gt1 k
By = Z/ < > v( (Vi +0 Z vp+vp)>d with 9 €]0, 1]
J=1,j#l j=1,j#l

k

k Cl+1
-y / DS Vi(g(0) - g(1)) dp
=1 j=1,j#1
k
:pZ/ Z V<V+7‘19 Z V> Y Z Vjdp with 9, 7 €]0, 1]

G =1 J=1,j# J=1,3#l

S ()

Qg1

<
J=1,j#l
e o (P D)lp—&] - ’
< cz [ eeea(3 v)
J=Lj#l
Cit1 k D k Ll
ZCZ/ o 1|P§z|( 3 V]> ( 3 V])
J=L3#l J=1,j#l
p+1
k Cig1 k P
< CZ / el S vidp / S Vidp
=1 \7¢ J=1,#1 G =154
1
k Q41 k Q41 k 0 P
<cy / ey e—|p—fj\dp / S vty
I=1 Jj=1,j#l G =LA
k €z+1 & k % )
<cy / el 3 e-laglg, |
=1 j=1,j#l
~(p=1)|ol T em
< Cle | e dp €2
R
p—1 p+1
= (Ce P g2
3p—1
= Ce

On the other hand, to estimate Bs, we need to separate the cases j > 1+ 2 and j =1+ 1. The first
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case implies that —|& — &;| < 2log(e) — C with C > 0. Then

k-1 k Crat
B= X3 [T
=1 j=l+27C
k-1 k ¢
<y Y / T o=t ~lo=51 g
1=1 j=i+27 ¢
k-1 k fl@**‘l
<oy / _ePl-la=el g
- §-1—-¢&

I=1 j=I+2 2
—1

< CZ o= sj/ ~-Dlel g
=1y
< Ce?

and such, the only relevant term is the case j =1+ 1. To obtain the correct estimation, we will use
the idea in B3 and (2.2.1) so B can be estimate as

Ci+1
By = Z/ VPV dp

k=1 gy
= Z W/ Wit dp + o(e)
G
Ci+1
- KNZ/ Wre =1l dp 4 o(c) (2.2.13)

k—1
= KNZG(&“gl)/emwpdp—l—o(a)
I=1 R

k
= sKNZm/e'prdp—i—o(e).
i=2 /R

To recapitulate, what we have is

k k
=Y Io(Vi) = —eKy Zuz/ P WPdp + o(e),
i=1 i=2 YR
hence our next step is to estimate Io(V;) for all i = 1,..., k. Consider,

Io(V;) = Lo(W; + 1L;) = Io(W;) + DIo(W3)[IL] + o(e).
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If © = 1, by direct calculations and properties of Wi and I, we have

Dmmmmm=Aﬂwmmmm+awmmmm+@m@mmmm

4 P
+N 4 / W Hl d
= WO} 0) + W/ (O)T11(0) — CaW] ()T (0) + 1 W{(O)TT3(0)
= RAWR0) - W) + C5WR(0) + L W(0) +ofe)

2_
= SRR WR(0) + o(e).

If i > 2, the result is the same, albeit W2(0) is of lower order. In other words, W2(0) = o(e) for all
1 > 2. Thus,

k k
> Io(Vi) = > Io(Wi) + Y DIo(Vi) + ofe
=1 ] =1

i=1
1 > " y ,
- 2; </0 (W' (p)? + CaW/(p)* + CsWi(p)?) dp + WW )
00 2
- pj-l 0 Wipﬂ(p) dp) + 16(]]\\;(]\[ E]Z)—; ) WE(0) + o(e)
k
= ;1:1 (/R(W//( )24+ CuW' (p)% + Cs W (p)? dp_/WpH dp) (2.2.14)
+ MO 16%( RO+ ofe)
k
- = (Lovor+ cavop+ cawoPydo - 1 [ W) dp)
4(BN? — 24N +32) 5 o,
NN aE lwe o).

Lastly, we need to estimate the functional K.(V). Notice that

1 Cla1
AgaEZ/ IV (p)? dp = Meac Z/ e NPV ()2 dp + o(e)

0

1 Gt
= )\aaa§ Z/ e_%pvvl(p)2 dp + 0(5)
1=17¢
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k §1+1-&
1 2 __8
= Af%z/sl_lgl e N TOW (0)2 dp + ofc)

k
Nl [ 2 (2.2.15)
= S [T IW (R dp o)

= emgl/eﬁpW(p)2dp+o(e).
R
Therefore, using (2.2.12), (2.2.13), (2.2.14) and (2.2.15), we can expand the functional E.(V') as
follow

k k
E.(V) = kaj + caz <Z(/~c — i+ 1)log p; — klog py + & (log 5)) — a3 Z,Ui + keay + 6%%
i=2 i=2
8

—eagnpy V" + ole),

where
1 k
_ " 2 / 2 d _/ p+1 d
o 2;(A<W<p>+c4w<p>+cgw< p— s [ W) dp
W(p)P™td
p+1/ r
agzKN/eplwpdp
R
p+1 p+11 d
0= e WO = [ Wt os(v(e)

_ K2 4(5N? — 24N + 32)
N(N — 4)2
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2.3 The Linear Problem

In this section, for i = 1,...,k and & € R™, we will use once again the following notation
k
Wi=We, =T, Vi=W;+IL, and V=> V,
=1

so we can write v, =V + ¢ over RN \ B;. We will also consider the following functions

oV owi oI
&; 0&; &

Zi =

(2.3.1)

which will be vital in this section. Moreover, from (2.1.11), this function also satisfies Z;(0) = 0 and

(N — 4)27(0) — 421(0) = 0.

The objective of this section is to obtain the tools necessary to resolve the following problem:
Let & := (£1,&,...,&) € RF, we are looking for a function ¢ : RN \ By — R such that, for some

constants ¢; depending only on &, then v, =V + ¢ is the solution of

p

k
L(v) = ol (p) + Aeace™ T1P0,(p) + 3. 17,
=1

¢(0) = lim ¢(p) = 0,

p—+00
(N —4)¢"(0) — 4¢'(0) = 0,
/Oo Ziddp = 0.
0

(2.3.2)

Instead of solving (2.3.2) directly, we consider an intermediate problem. Note that (2.3.2) can be

rewritten as )

Le(6) = N(¢) + R+ ¥ iz

i=1
6(0) = lim 6(p) = 0,
(N —4)¢"(0) — 4¢/(0) = 0,
/°° Zipdp = 0,
0
where
L.(¢) = L(¢) — e (p + £)VPHe—1g — )\gaeefﬁf’(b’
No(¢) = e ((V + ¢)P 5 — VPTE — (p+ 2)VPHe1g)
and

k
R. = VP -3 WP 4 Aace” TV
=1
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To continue, it is convenient to introduce the following norm. Given a fixed and small ¢ > 0, define

k —1
gl == sup (Ze‘”""&'> l9(p)].

=1

Also, we consider the Banach space

C*((0,00)) = {f € C((0,00)) : [ f]l+ < o0}

and the linear space £(C*((0,00))). Then, given h € L(C*((0,00))) such that
/ hZ;dp=0 foralli=1,... k,,
0

the objective is to find ¢ such that, for some ¢;, it satisfies the problem

Lg(qb) = h + i CiZiy

=1
¢(0) = lim ¢(p) = 0,
(N —4)¢"(0) — 4¢'(0) = 0,
0

First, we need to prove the following lemma.

(2.3.7)

(2.3.8)

Lemma 2.3.1. Let {ep}, oy such that e, — 0. Consider 0 < & < --- < & depending on &,

satisfying

& —oo,  min (&Y &) = oo

(2.3.9)

Assume that there is {¢n}, oy solutions of (2.5.8) for hy, € C*((0,00)), hy, satisfies (2.3.7) and

Ialle = 0. Then, [[énll — 0.

Proof. First, we will prove that h_)m |¢lloc — 0. By contradiction, take ||¢,||cc = 1 for all n € N.
n o0

Then, integrating (2.3.8) against Z;,,, we have

00 o 00
/ hoZindp +  cinZinZindp = / L., ($n) Zin dp
0 0 0

= [ (- it Cata (o ) VP AN 10,) 2 dp
0

[ee] o0 [e.e] o o [e.e]
= ¢;’/L/Zl7n‘0 - Zle,n’[) +¢;Lle,ln0 _¢nZl/7/;L}O _C4¢;LZ1,”|0 +C4¢nZlI,n|0

+ / L, (Zl,n)¢n dp
0

= / Lan (Zl,n)¢n dp.
0
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Note that, from calculations performed in the previous chapter and by the definition of Z;, we have

k ) cp .
Z/ Ci,nZi,nZl,n dp = { 0 le 7& l7
—Jo a; ifi=1,

when n — oco. Moreover, as ||y ||« — 0 if n — oo, there is ©,(p) such that

k
[hn(p)] < On(p) Y el

i=1

and ©, — 0 uniformly as n — oo.
Even more, knowing that 7, (p) = O(e1P=&') due to Proposition 2.2.1, the following inequality
follows

‘/ hnZ dp‘ < COn(p)]lo '/ e—(1+a)|P—§l|dp -0,
0 0

if n — 0o. On the other hand, notice that

W (p) — CaW/'(p) + CsWin(p) = WP, (p),

ln

oWy p, o1, ,
agll’ (p) — agll (p), we have

then, as Z;,, = —

L(Ziy) = Z,2(p) — CaZ}!,(p) + C5Ziu(p)

’ l,?’L

owy oWy, W,
_ n _C n +C n
o6 P Cigg (p) + Cs o (p)
orY oIty oI,
- 2 (p) — Ca—2(p) + Cs—=
7€, (p) — C4 9%, (p) + Cs 7% (p)
_ 9 14

—1 oIl; ,,
= oW (Zin + 520

—1011 . .
where pW? 1%Mn () 5 0 when n — co. Thus, using Dominated convergence Theorem, we can
PWin ~og \P ; g g

conclude
o0

<pVI/lp7;1 — eénp(p + €n>Vp+En—1 _ )\Ena&?ne_%p) Zl,n¢n dp N 0’
0 b

if n — oo and this in turn implies ¢;,, — 0.
Now, choose p, € RT such that ¢,(p,) = 1, in other word, its maximum. We will prove that,
for some big enough n, there is 7 > 0 and i € {1,...,k} such that

|pTL - fz,n| < F)

when n — oo.
Assume the contrary, either |p,| — oo or |p,| remains bounded. First, let |p, — & | — 00 if n — o0
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for all i € {1,...,k}. Define

¢n(p) = ¢n(p + pn)a

then, {(;;(p)}neN converges uniformly on compact, up to subsequences, to a nontrivial solution ¢ of
the equation

1(3) =0,
Taking ¢ = T~ (¢), where

da) = (N;“)N 5% (=25 (e )

and ¢ satisfies —A2) = 0 in RV \ {0}, we can use our previous assumption ||@s = 1 to get

N -4

9(a) < (2>N b= BV {0)

and this in turns implies that [|¢)]|o = 0, which is a contradiction.
In the same way, if |p,| is bounded, we can define

Pn(p) = dnlp + &)

and use the same argument in the previous case to reach a contradiction again.
Therefore, the sequence {¢, }nen converges uniformly on compact, up to subsequences, to a
nontrivial solution ¢ of the equation

L(¢) = pWP ¢

In this way, we can consider v satisfying 1) = 7 1(¢) such that

N-4\"7  na ([ N-—
v = (50 7 el e (<N oglal)

2

and this in turn implies that ¢ verifies
A*(x) = pUP~H (2)y ().
Notice that, by [28, Section 2|, ¥ must satisfy

OU,, U, U, aUM}
x) € span = =, =, =,
V(o) € sp { op ~ Oyr ~ Oy oyn

but 1 is a radial solution, thus

(a) = O

N-—-4 N—4
T+ uaf?) )

_N-4
2 J—

= C% (71\7,2#

4 N-6 _ N2 _N-2
= Ny on~z (14 |pxl?) (N —4)yyop 2 (1+|pz)" "2 |zf?,
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for some constants C, u € R. Then, by definition and (2.1.20), we have

S0 =TI = () 7 ePule ™)

N—4
N—6 4

— CKN%,U/ 2 efp <1+/’L eiN—4p>_T

—OKN(N —4)p T er (1 + /ﬁe—ﬁp>‘

N—-4

= C (-3 <_ Kye—(p=9) (1 + e*ﬁ(pfﬁ))fT =

N-2

oK e M) (1 n e—ﬁ(p—@) 2 Ml)
= Cu'W'(p—¢)
= CW'(p—¢§).
To obtain &, it is enough to check the following. If € # 0, then
pWPH(p)o(p) = L(¢)

= ¢W(p) — Cud"(p) + C56(p)
= C(W'(p =)W = Ca(W'(p =€) + CsW'(p — €))
= CWW(p—&) = CaW"(p— &) + CsW(p—€))
= C(WP(p—¢))
= CpWPHp - W' (p—¢)
= pWPHp = &)o(p).

Choosing p = 0, we would get
pWPTH0)$(0) = pWP~H (=€) ¢(0),

which is a contradiction, because W (p) has an unique maximum at p = 0. Therefore, £ = 0 and this
in turn implies that ¢(p) = CW'(p).
Finally, using the orthogonality condition in (2.3.8), we can conclude that

0- /0 " 2o — €)bu(p) dp = / " Za(p)bulp+ € dp > C /R (W")2(p) dp.

n
(3

thus W’ = 0, which is a contradiction. Consequently, ||¢p|/cc — 0.
To continue, let g, := L(¢y), in other words

k

__8
gn = hn + Z Ci,nZ'i,n + (P + 5n)6€npvp+€n_l¢n + )\Enasne N74p¢n-
i=1
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Notice that

k __8
|9nl < [hal + 32 [Ciml| Zin| + (0 + en)eP [V IPren ey | + Ao ac,e” N-17 ¢y |

=1

k k k
12> e—olr=& ¢ Ctmaxn zef\pffz‘l + Cllénlloo 32 e~ (P—1)lp—¢7]
=1 =1 =1

IN

& Sl
+Clignlloo Y e 11775
=1

k
< O(||hnll« + emaxn + | Pnlloo) 3 e7alP=&",
=1

with o € (0, min{1,p — 1, 525}). Now, knowing that |z| = eiﬁp, define

(2

k
pn(p) = C(thH* + Cmax,n + H¢n”oo) > e—g|p7£7’€1|’
qn () 1= (7_4)¥ e ’pu(p),
@)= (5T e 6u(0).

By direct calculations, it is easy to see that

N2, = (N54)F (ot~ Cao® + Crolpalp),
A%, < (545 e, (),
Mg < (M55 75 (02 4 o — ) pal) <0,
Ara= (M) % 5 (6000) + 5204(0) — #6n(0))
Also, by (2.3.8), when —¥log|wl = p = 0, we have Ar, = r, = 0. Then, after choosing a

sufficiently large constant, we have

A%(Cq,) > A?r, in By,
Ar, on 0B,

g
Q
)

N
I

Cqg, > on 0B;j.
Now, define s,(p) = Can(p) — rn(p) and wy(p) = Asn(p). The previous equation let us write

A(wp) > 0 in By,
wy, < 0 on 0By,

thus, we can use the maximum principle to conclude that w,(p) < 0. Using the same argument, we

can write

A(Sn) < 0 in Bl,
$p> 0 on 0B
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and then, using the minimum principle, conclude that s,(p) > 0 and this in turn implies that
Cqn(p) > rn(p). Likewise, we can also conclude that —Cq,(p) < rn(p). Accordingly,

k
[P (p)| < C(l|hall« + Cmax,n + | Pnlloo) Zl eolp=¢r]

[@nlle < CUlhnlls + cmaxn + [[énlloo) = 0,
finishing the proof. O

With this technical lemma proved, we can proceed to prove the following proposition

Proposition 2.3.2. There exist positive constants gy, 0k, T, and X such that if € € M., where

2 1<i<k—1

7 )
Msi—{EGRkim<§1, T < min (41 —&) v fk<€k}7

then, for every e € (0,2x), A € (0,A) and for every h € C*((0,00)) satisfying (2.3.7), the problem
(2.3.8) has a unique solution ¢ = T.(h). Furthermore, there exists a constant C > 0 such that

ITe(M)]l. < CllA]l.

and
il < ClR, -

Proof. Consider the Hilbert space

H. = {qb € H%((0,00)) N H((0,00)) : / Zipdp =0 fori= 1,...,k} ,
0
endowed with the inner product

(w0 1= [ W0 (0) + Can! () () + Crulp)olp)) dp + 50/ (010 (0).

So, the problem (2.3.8) written in its weak form with respect to H. is equivalent to finding ¢ € H,
such that

(o, ¢)HE :/Ooo<(p+8)espvp+€—1 + )\Eage_’\’s—‘*p>¢¢ dp + /OOO ha dp,

for some v € H.. As H. is Hilbert, by using the Riesz Representation Theorem, a linear isomorphism
F. € L(H_, H.) exists, such that a unique ¢ € H. is identified for each ¢* € H. This identification
satisfies F2(¢) [¢] = (¢, )y, for every ¢ € H.. Thus, ¢ can be identified with F.(¢*). On the other
hand, the operator M. : H. — H} defined by

M.(9) [¢] = / ((p +e)e VPl 4 Asaeewsﬂ’) o dp,
0
is compact and the functional h : H, — R, defined by
v hw) = [y
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clearly belongs to HZ. Therefore, (2.3.8) can be interpreted as an operator on H., and the task is
to find ¢ € H. such that
¢ :=T.(h) = M.(¢p) + h.

The Fredholm Alternative Theorem guarantees that this problem has a unique solution for any
h € H. as long as the homogeneous equation ¢ = M. (¢) has only the trivial solution in H.. Now, it
is observed that in a weak sense in H, solving this equation is equivalent to solving the problem

k
Le0) = ¥z
#(0) = lim ¢(p) = 0,
P00 (2.3.10)
(N —4)¢"(0) — 4¢'(0) = 0,
/ " Zisdp= 0,
0

for some constants ¢;s. To prove that (2.3.10) has only the trivial solution in H., a proof by
contradiction is employed. Let ¢ be a nontrivial solution of (2.3.10). Without loss of generality, it
can be assumed that [|¢]l. = 1. Setting ¢ = ¢, and h,, = 0, and considering sequences &, — 0
as n — oo and & as in (2.3.9), all conditions are met to apply Lemma 2.3.1. Consequently, it is
concluded that

|pnll, = 0 if n — oo,

leading to a contradiction.

Therefore, for constants g, 6z, 7, and X, it follows that for 0 < ¢ < &, 0 < A < X and
h € C*((0,00)), the problem (2.3.8) has a unique solution in H..
Next, we will prove that ¢ = T.(h) verifies the inequality

18], < C Rl

for some constant C' > 0. Once again, we will proceed by contradiction. Let ¢ be a nontrivial
solution of (2.3.8). Without loss of generality, we can assume that ||¢|, = 1. Fixing h = h,, and
¢ = ¢p, with
1
1Pnll, < — llnll.
n

then, once again, all the conditions are met to apply Lemma 2.3.1 and it can be concluded that
”(an* —0 ifn— o0,

which is a contradiction.
Lastly, to prove the inequality
les] <Al
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it is sufficient to follow the same idea as in Lemma 2.3.1. Indeed,

Lz—:(¢) = h+ i CiZz

i=1

icz. [ 2z0= [~ riozan- [~z
|cz\/ Zidp+oe) = [ LZ)odp [ hzydp

;] < c<‘/ gbd,o’ ‘/ hZ; dpD

el < CIgll« + [1Rll+)

| < CJh] |«
ol < Clal -

Another property we are interested in is the differentiability of T in the variables &;. Indeed,

it is not difficult to prove the following Proposition

Proposition 2.3.3. Under the assumptions of Proposition 2.3.2, define Sc(&)(h) = T-(h). Then,
for each h € C*((0,00)), the mapping &€ — Sc(€, h) is of class C1. Moreover, there exists a constant
C > 0 such that

IVeT(R)], < Clnll,

uniformly on vectors & € M..

Proof. Let h € C*((0,00)) and define ¢ = T.(h). From Proposition 2.3.2, ¢ satisfies

k
(b) =h+ Z CiZz
=1

Let us choose a fixed but arbitrary [ € {1,...,k}. Then, we can differentiate the equation above
with respect to &, to obtain

7,:1

56 L<(9) = 3g (h+ 2. ¢ Z)
_8 ko
8%1 (L(d)) —eP(p+e)VPrele — Nace N*4p¢) Z géZ + Z ;%% 351

9 et : 0
L. (8—2) —eP(p+ E)avggl o= Z gc Zi + ¢ 3?

The next step is to consider the constants a; that satisfy

b o 07,
Sooi [ ziziao= [ 6% (2.3.11)
= Jo 0 3
for every j € {1,...,k}, which exist because the associated linear system is diagonally dominant.
Define the function r as
0z . oyptel
— bt} P a0
T z:aZ +Cl(‘9§ +e(p+e) o b,
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thus i
d¢p 801
L _ 7.
: (afl +Zaz Z) r+z 351
5 k
Let s = 8—2 + > a;Z;. By direct calculations, we notice that
i=1

sZidp = Z+ az/ ZiZjdp
/o ’ 3& Z

0
0 / ¢3€z
> (9

=/ 3§z(¢z)

pr— 0’

forevery j € {1,...,k}. Note that, by the previous calculation, s satisfies the orthogonality condition
of (2.3.8). Moreover, since both ¢ and Z; satisfy the boundary conditions of (2.3.8), s also satisfies
them. Therefore, by Proposition 2.3.2, we have

k (2.3.12)
0\
Te(r) = Lo aii = %

Now, notice that if j = in (2.3.11), then
a; ZiZjdp = /
Z / a ¢6§l
a Zidp = / Z; dp — az/ Z;iZ;d,
ol [~ zido= | [ o5 S p

=117l
8Z
< |16 lloc /
0
Cl16llo-

dp+o( )

IN

thus, a; < C||¢]|sc- On the other hand, if j # [, then

Za,/ 77, dp—/oo 882

Zai/ Zl'Zj dp =0

i=1 0
> aify ZiZidp
Lil

o0
ol [ Z2dp=
0 i=1,

= o(e),

thus, a; — 0. Due to the previous calculation, we can use Proposition 2.2.1 and Proposition 2.3.2

k
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to estimate r as

k
oz el
Irlle < SlaLe(Zll. + el + 11 2561l
=

IN

k
¢ Zl |ail + Cla| + Cllo |l
Cligll« + Cllnllx + CllA]l«
Cllh]l«

IN

IN

Henceforth, we conclude that H%H* < C||h||«. Furthermore, since we chose [ arbitrarily, we have

k
oT.(h
IVerl < SoITE.
i=1 ¢
< Cl..

O

In the remainder of this section, we will consider §; satisfying the conditions required in the

previous lemmas, which we will express for simplicity as

1 1 1 1 N-8
—log — log — i i — & log — MeN—4 2.3.1
) 0og Me < 51) og Me < i 71{17k{§7, {l l}a gk <k 0og Me and )\6 < £ ) ( 3 3)

with M > 0 fixed and sufficiently large.
Next, we need to estimate N.(¢) and R., defined in (2.3.5) and (2.3.6) respectively. For that,
we announce the following lemma

Lemma 2.3.4. Let &,&a,...,&; satisfying (2.3.13). Assume additionally that || o], < % and o is
sufficiently small. Then, there exists g > 0 such that for all 0 < e < g9 we have

IN-(0)l« < Cllo| P02 | DyN(6) ] peey < Ol P o011

and ‘
IVeN(@)]|. < Clp|mtrreott,

Proof. By (2.3.5), we have
Ne(9) = e ((V + )P = VIFe — (p+e)VPT1g) .
Let f(t) = (V +t¢)P*e. By the Mean value Theorem, there is v € (0, 1) such that
R e R R
and this in turn implies that
Ne(¢) = e (p+e)p (V +vp)Ptet —yrteTl) (2.3.14)

for some v € (0, 1).
Define g(t) = (V + tv¢)P*~L. Then, using the Mean value Theorem once again, there is 9 € (0, 1)
such that

(V4P et — VPl = (p e = 1)(V + 9vg)P =2,
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Thus,
N.(¢) = e (p+e)(p+e—1)we?(V + dvg)r =2

To continue, we need to study 2 cases. First, assume p > 2. Then, if |V| > |¢|, we have

IN:(9)] < OV + dwg|Pt=2| g

< Clof.
On the other hand, if |V| < |¢|, then
IN:(0) < CIV +dwg|Pte2|g)?
< Clolre.

Onto the second case, when p < 2, we can consider € > 0 sufficiently small such that p4+¢ —2 < 0.
Then, from (2.3.14), we have

IN:(0)] < Cl¢| ‘(V + 1/¢)p+5*1 _ Vp+sfl{ '
Let h(t) = (t + 1)P*te~1 — p+e=1 Differentiating, it is easy to see that
h/(t) =(p+e—1)((t+ 1)p+5—2 _ tp+5_2) <o,

since p + & — 2 < 0 and this in turn implies that h(t) is decreasing. Notice that h(0) = 1, therefore
h(t) <1 when t > 0. Thus, if |V 4+ v¢| > |V|, then

‘(V + V¢)p+6—1 _ Vp—l—a—l’ = (V+ V¢)p—|—a—1 _ ypte-1
( 174 + ugb >p+z—:1
(V+vep)—V
174 pte—1
- <<V+ Vo) — V>

— (wo)r+=th (Vvd))

= (V +vg) - V=

< folrret,

Notice that when |V + v¢| < |V, then
’(V 4 V¢)p+€fl _ Vp+z—:fl‘ — Vp+571 _ (V + V¢)p+sfl
and the proof is analogous to the previous case. Accordingly, N.(¢) can be estimate as

IN-(¢)| < C|o||(V + vop)pte=t — yrre—i]|
Clo[P+=1g|
ClgfPre.

IN

IN
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Let k(p) = sup Zi-c:l elP=&l, Thus

pERT
£ N=(8)]

||N€(QZ5) ||>k < O/{min{p—i—a,Q}—lR— min{p+e,2} |¢|min{p+a,2}

IN

Or-1 ‘ ¢‘min{p+€,2}

A

IN

For the second estimation, by direct calculus we have

DyNe(¢) [¢] = e (p +€) (V + @) =7 = VPTTh)) o,
Following the same steps as the previous estimation, if p > 2, then
IDgN(8) [¥]| = e (p+e)(p+e—1)|V + dvg|Pt2v|g|[y]
< Clgmntrremtiy)
Conversely, if p < 2
[DgN(¢) [¥]| = e (p+e) |(V + ¢)Pret — V)| [y

< C|(V +wgprtet — vty
< ClgPre=tyl.

Thus, combining both cases, we conclude

[DsN(9) [9) | < Clgmntrre=t iy
HD¢,N€(¢))H£(C*) < Cﬂmin{‘f'é—l,l}ﬁ—min{p+€—171}|¢)|min{p+g_1’1}
= Clolnrret,

For the last estimation, by direct calculations, we have

aNa((b) _ epa(p + 6) ((V 4 d))p-i-a—l o Vp+a—1 o (p TLe— 1)VP+8—2¢) al
Using the Mean value Theorem, we obtain
N,
0 e<¢) — esp(p+€)(p+€ _ 1) ‘(V + V¢)p+a—2 _ Vp+a—2’ |¢| 87‘/ .
If |V] > |¢|, then
N,
ON:(9)| _ ePp+e)pt+e—1)[(V+vg)Pte? —VPH2||g| o
< ClVPr2p||V|
< Clvpreligl
< Clgl.
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On the other hand, if |V| < |¢|, we will study two cases. First, if p > 2, we can choose 9 € (0,1)
and use the Mean Value Theorem to get

ON:(¢)
3

ov
9%

Pt pte— 1) [(V + vt v |g) '

< CIV +dvgPte3|g*[V].

If p > 3, then ON.(&) )
250l < v s owolrlov
< Clglr+=dgf
< Clgfrre
and if 2<p<3 ON.() o
250l < v s vwalrlorv
< CVIPHtg V]
< OVl
< Clopre.

Lastly, we need to study the case 1 < p < 2. Notice that if we choose € small enough such that
p+e—2<0, then

‘(W‘ = eP(p+e)p+e—1)|[(V+vp)Pte? —vPie?||g| 'gg
< CIVPr=2g||V|
< CVpPr=lig|
< Clglte

and this allows us to conclude that, in both cases, the following estimate holds

IN:(¢)
3
||V6N€(¢)H* < Cl{min{p—&—a,l}—l/{,— min{p+e,1}|¢‘min{p+£,1}

ﬁfl

A

Cr—1 |¢|min{p+a,1}

Cllgfmtr+=H.

IN

In the same vein, we can also prove the estimations for R..

Lemma 2.3.5. Let &1,&a,. .., & satisfying (2.5.13). Assume additionally that o is sufficiently small.
Then
”REH* < C€E and HV£R8H* < 056,

for some & € (0, 3).
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Proof. From (2.3.6), we can rewrite R. as

R. = (eSPVPTE — ¢2PVP) 4 (e5PVP — VP) + (VP — ijlwzp) + Agage_ﬁpv
= A1+ Ay + Az + As.
For A;(p), define f(t) = VP*!. Thus, by Mean Value Theorem, we have
A1(p) = —ee log(V(p)) VP,

for some v € (—¢,0).
If [V(p)| > 1, then
|[A1(p)] < Ce|V (p) [P+

and this in turns implies that [|A;|[. < Ce||[V ||« < Ce.
On the other hand, if [V (p)| < 1, we can define s(t) = tP**~1log(t), with ¢ € [0,1]. Note that this
1

function reaches its maximum at ¢ = ¢ =1, so upon replacement, we obtain
[A1(p)] < Cellog(V(p))|[VPH]

Cellog(V (o)) [VPH 1 [V (p)|

Csm\‘/(p)!

< CelV(p)]

<
<

and therefore [|Aq|[. < Ce||V ||« < Ce.
For As(p), define g(t) = e'?. By Mean Value Theorem,

AQ([)) = _Epepyvpa

for some v € (—&,0). To continue, we need to analyze two cases. First, if p < &, then

k
Zefa‘pféi‘ > 670'|p7£k‘
=1
— e_g(gk_p)

and such

& -1
<Z eglp&l) < e7&=p),

=1
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Even more, from (2.3.13), we have e < (Me)7%. Thus

k -1 k -1
(Ze—am—m) |A2(p)] < (Ze—olp—m) ep|V [P
i=1 =1
e?E=Plgp|V|P
VP (pe7P) e
Ce(Me)~ke

C€l_k0

VAN VAN VAN

IN

Conversely, if p > &, then
Vi el

k - k;e_o"l’_fﬂ
Z e—olp—&il
=1

— Ce—(1-0)(p—)

and such

IN

k —1
(Z e—Ulp—£i|> ep|V [P
i=1

Cgpe_(p_g) (p_fk)

K -1
(Z e-“'p-&'> As(p)|

IN

IN

Cgpefa(pfgk)
= Cg(pe_gp)eofk

1-k
Ce'™r,

IN

for o small enough. Therefore, ||As||. < Ce!'7?. Note that if we choose o € (5, 1), then 1 — ko €
1
(07 5)'
Next, to estimate As(p), we need to introduce a positive constant w € (0, 1), which will be

1
determine later. Assume that there is [ € {1,...,k} such that |p — &| < wlog(ﬁ). From (2.3.13),

we have

lp—&| > & —&l—1|p—&l
> log(Mie) —wlog(MiE)
= (1 -w)log(51)

and this implies that e~1P=%l < Me(=9) for i # I. Even more, the previous inequality implies
that |[W;| < Me(=9) |II;] < MeU=%) and |V;| < Me(1=%) if i # |. Moreover, we notice that
lp— &l < wlog(ﬁe) also indicates

—wlog(31z) < p—&

26 — wlog(42) < p+&
26 —wlog(51z) < p+ &,



thus
1L (p)| < Ce—(p+&)

< Ce—?&—i—w log(ﬁg)

< Ce %igv
< Celmv,
Having stated that, define
& P
ht) = | Wilp) +t | (o) + Y Vilp) | |
i=1,i#l
then, by Mean Value Theorem, we have
k p-1 k
VP(p) = Wilp) =p | Wi(p) +v | T(p) + > Vi(p) m(p)+ > Vilp) |,
i=1,il i=1,i£l

for some v € (0,1). Hence

i=1,i#l i=1,il

k k -1 g
<clmp)+ 3 v+ (Zers) | s wr

i=1,i£l i=1 i=1,i£l
k

< Cg(l_w)_’_c Z e_(p_o)lp_&l

i=1,il
S Cg(l_w)_|_05 p_U)(l_w)

< Oell-w),

Now assume the opposite, in other words, let |p—&| > wlog(5) for all i € {1,...,k}. It is easy to
see that this implies e~ 1P=%l < Me® for all i € {1,...,k}. This in turn implies that

‘/Z(p) S C€_|p_£i|
< Cev,

for all : € {1,...,k} and the same applies to W;(p) for all i € {1,...,k}. Thus, we can estimate

k -1 k -1
143 < @f) |v<p>|p+(,_zle-alp—&') > Wil

< Ce™99Wel¥ 4 Cg™0wWehv

= Celr—o)w,

Choosing w such that (p — o)w = 1 — w, in other words w = we can conclude that || As|l. <

D S
p—o+1’
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C=(1=%) Note that if we choose o < p—1, then w € (0, %) and this in turn implies that 1—w € (%, 1).
Lastly, for A4(p), we have

k ! N—8 8 k k -1
<Z @—Up—§i> |A4(p)| < meV-ta.e” N-17 3 e lP&il <Z e—Up—&)

i=1 i=1 =1

N-8 8 k k -1
S T]€N74CL5€_ N-aP Z e_U‘P—fi‘ Z 6—U|P—§z‘|
i=1 =1
N-—-8
< Cenv-1,

N— —
thus ||A4lls < CeN—4. Moreover, if N < 12, then =5 € (0,1). Therefore, ||R.|. < Ce%, where
& = min{(1 — ko), =3}

To prove ||V¢R. ||« < Ce%, notice that

oo

OR. O0A; 0Ay 0A3 O0A4

o6, 06 T og og T og

for all ¢ = {1,...,k}. Then, we can use the previous procedure to conclude the proof. ]

With the two previous lemmas, we are able to achieve the goal of this section. To do this, we
state the following proposition

Proposition 2.3.6. Assume that the constraints (2.5.13) are satisfied. Then, there exists C > 0
such that for every e small enough, there exists an unique solution ¢ = ¢(&) to the problem (2.3.8).
Furthermore, the map & — ¢(€) is of class C* with respect to the norm |-||, and satisfies

16, < Ce%, |Veol, < Ce7,
= 1
for some @ € (0,3).

Proof. Let the operator F; : A, — C*(Q) be defined as

Fs(¢) = TE(N6(¢) + Rz—:)a

where T is given by Proposition 2.3.2, and

Ay ={¢ €C*((0,00)) : |o], < e},

for a suitable 7 > 0 to be chosen later. Note that if it is possible to show that F. is a contraction,
then it follows that there is a fixed point in A, for F., which is equivalent to solving the problem
(2.3.8). From Proposition 2.3.2, Proposition 2.3.3, Lemma 2.3.4 and Lemma 2.3.5, we obtain

[F=(o)ll. < CIN:(¢) + Rell,
< C ((rsﬁ)min{p“g} + TeE)

re?,

IN
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for some appropriately chosen r > 0. Noticing that

[1Fe(91) = Fe(@2)l, < C[[Ne(¢1) — Ne(@2) L.,

for ¢1,¢02 € A, it can be asserted that F; is a contraction if N; is. Indeed, by the Mean value
Theorem and Lemma 2.3.4,

IN=(¢1) = Ne(g2)||, < Ce7mMPH=b1H g, — gy,

and this in turn implies that

IF=(¢1) = Fe(@a)ll, < Ore)ym P+ gy — g,

thus F. is a contraction. By Banach fixed point Theorem, there is ¢ € A, such that ¢ is a solution
of problem (2.3.8).
As for its differentiability, direct calculations yield

VE(Z)(E) = VETa(Na((Z)(&)) + Ra(g)) + Ta(véNe(¢(§)) + VgRg(f)),

thus, by Proposition 2.3.2, Proposition 2.3.3, Lemma 2.3.4 and Lemma 2.3.5

IN

IVed(©)ll+ < ClINA((€)) + Re(§)ll+ + [[VeNe(0(§)) + VeR(E)]

Ce°.

IN

2.4 Finite dimensional reduction

In this section, we will consider the constraints (2.3.13) and the function ¢ = ¢(€) given by Propo-
sition 2.3.6, which is the unique solution to the problem (2.3.8). According to the previous section,
we know that ¢; = 0 in (2.3.8) for each i = 1,...,k is equivalent to stating that v, = V + ¢(£) is
a solution to the problem (2.1.11). Therefore, it is necessary to find & € R¥ such that the system
¢i(§) =0 for every i = 1,...,k has a solution. For this, define the functional

Fe(§) = E(V + ¢(§)), (2.4.1)

where E. is the functional defined in (2.1.13). If it was possible to find £ such that it is a critical
point of F.(£€), then we would be able to assert that v, = V + ¢(€) is a solution to the problem
(2.1.11). To organize the relationships written above, the following lemma is stated

Lemma 2.4.1. Let £ = (&1,&2,...,&) satisfying conditions (2.3.13). Then, £ is a critical point of
Fe if and only if ¢;(§) =0 for everyi=1,... k.

Proof. Assume that & satisfies (2.3.13) and ¢;(§) = 0 for every i = 1,..., k. Then, v, =V + ¢(§) is
a solution to the problem (2.1.11) and this in turn implies that

vffs(v +#(§)) =0,

o4



then, by (2.4.1)
OF:(§) 0

forall i =1,..., k. Accordingly, £ is a critical point of F..
Conversely, assume £ is a critical point of F.. Choose [ € {1,...,k} arbitrary but fixed, then

_ DEV + 6(8)) [ W ¢<f>>]

29
and thus
9 _ 99(£)
BV +6(€)) | eV +0(6)| = DEV +0() | 2+ 52| —o.
From (2.3.6), we have H(%H* — 0 as € — 0. Then, there exist constants a},...,al such that
Z dp = / Z;Z; dp.
0 351 Z
Given that ||%H* — 0, then aé- —0for j=1,...,k So, we can rewrite (% as
k k
9¢ l
7 7. | =
8§, 21 7, ;a] i|=r+a
where p € span {Z1,...,Z;} and
o0
/ qZidp = 0.
0
This implies that DE.(V + ¢(€)) [¢] = 0. Henceforth
k
E-(V+6€)[Z+p] = DE-(V +6(€) |+ a)Zi+ Y a;Z| =0.
J=1jA

Note that the choice of [ was arbitrarily selected, so the above equality holds for every I = 1,... k.
This allows us to study the associated linear system, which is diagonally dominant, and therefore
we can conclude that

DE.(V + ¢(£)) [Z] = 0,

for every [ = 1,..., k. Thus, upon integrating, we arrive at

| (4 €)= Cutv + 00 + Co(V +0(6) - 2V + 9(E)
= Xeace VAV + 6(€))) Zidp =0,
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for every I =1,..., k. But ¢(€) is the solution of (2.3.3), thus

k o
Z C; / ZZ'ZJ' d,O = 0,
i=1 70

for every j = 1,...,k and this in turn implies that ¢;(§) = 0 for every i = 1,... k. O

The final step in this section is to validate an expansion for F., which will be crucial for

finding its critical points.

Lemma 2.4.2. Under the assumptions of 2.3.13 and considering ¢ = ¢(€) as in Proposition 2.5.6,

the following expansion holds

Fe(§) = E(V) + o(e),
where o(g) is uniformly small in the C sense in the vectors €.

Proof. Notice that
Jrs(g) - Ee(v) = EE(V + ¢) - Ea(V)'

After applying the Fundamental Theorem of Calculus and integrating by parts, it follows that

1 1
FAO ~ BV) = [ VEV +10) 0 dt = = [ DBV +19) (6] el
From (2.1.13), we have
DBV +19)lol = [ (60 + Cid (o) + Colp)) do + 70/ 0
_ * e +e—1 _ a > 6—%/} 2
te) [ eV 1077 o) dp = e [ 6(0)% dp
= [ @90 + i) + ool oto) dp

—(p+e) /0 eP(V + 1) (p) dp — )‘aaa/o T (p) dp

= /OOOLs(@cb dp+ (p+e) /OOC;E” (VPHET = (V4 t0)7=7T) % (p) dp
and such, by (2.3.3), (2.3.4), (2.3.5) and (2.4.1)

1 [e'e) 1 00
Fo(6) — B(V)| = /0 ’ /O Le(d)dp +(p +2) /0 t /0 e (VPH1 (V4 1)) () dp

C ([INcll + [[Rell) 1l + Clloll2
< C(7 +€7)e” 4 Ce

< Ce%,

IN

but & € (0, 3), thus



Regarding differentiability, through direct calculations, it can be shown that

0 1 * 9
s (P - 1) = - [ t( / 8,Q((Ng(qs)+Rg><z>>czp) dat
1 0

~r+e) [ ¢ ( / e (VP (Vo) () dp) d,

then, using once again (2.3.4) and (2.3.5), we have

9
0%

and this ends the proof. ]

(]:5(6) - IS(V)) = 0(8)

2.5 Proof of Theorem 1.4.1

Proof of Theorem 1.4.1. From the definition of Fe in (2.4.1) and Lemma 2.4.1, it is clear that
to conclude the proof, it will be sufficient to find a critical point for the functional ®, : RF — R
defined by

D.(n) = =\ FL (€ (). (2.5.1)
From Lemma (2.2.2) and (2.4.2), it is observed that

Vo, (u) = VU(p) + o(1),

where 0(1) — 0 uniformly as ¢ — 0 and the functional ¥y, is the one defined in (2.2.4).
It is now observed that ¥}, has two non-degenerate critical points p* = (uf, JT5S ,uZ), where
/ﬁ, pt are, respectively, the critical points in |0, +o00[ of the functions

8

1 _
p1 %F — agklog puy — agnpy V!
1
and
wi — az(k —i+1)log pu; —asp; fori=2,3,... k,

where a;s are given by (2.2.2).
Indeed, let

8

1 __8
fur) = G5E — agklog 1 — agnpy N1
1

Differentiating f and equating to zero, we obtain

-3 -1
—2aspy ” — kagpy T + N — 4a677U1 =0
Then,
_as N —4 Fg-2 as k(N —4) &5
= ag 4 i + ag 8 i ’

o7



Now, define

as N —4 %_2_’_%k(]\[—4) 8

g(s) = 5 N

SN—-4
ag ag 8

and let 77;, be the minimum of ¢(s), which is attained at

- (32"

Then, if n > W), f(u1) has a strict maximum point uf = i (n), and a strict minimum point

py = pq (n). To check this, notice that

d>f 4 af, _
— <0 — > 0.
dMl( 1) y m (M)

On the other hand, the function
hz(/,bz) = az(ki —i+ 1) log p; — asp;

has a unique strict maximum point, ;1 given by

pi=2(—it1) fori=2.3,...k
as
Indeed,
d’h;
™ (u;) <0 fori=2,3,...,k.
Therefore

+ + a2 az a2
= —(k-1),—(k—2),...,—
,U/ (Ml’ag( )7a3( )7 ’CL3>’

are the only critical points of ¥, which are non degenerate.

Following the above, we have that VW is stable with respect to small and uniform pertur-
bations. Consequently, if 24 are small and arbitrary neighborhoods of points u* in R*  then the
topological degrees deg(VWy, U4, 0) are well defined and

deg(V¥,04,0) #0.
Even more, since for € > 0 the expansion
Vo, (u) = VU(p) + o(1),
is true, with 6(1) — 0 uniformly in 2., we can use the homotopy
He =tV + (1 — )V,
defined in U4 for 0 <t <1, to obtain

deg(vq)é:v m:ﬁ:? O) = deg(v\ljlw SII:i:a 0) ?é Oa

o8



for all small enough ¢ > 0.
Accordingly, for all small enough € > 0, there exist two critical points
pt= (ufa, Nét,z-:? ey ufﬁ) of ®. satysfing

pi. =t +o(l) and pho= g +o(l) fori=23,....k

where o(1) — 0 if ¢ — 0. Using the change of variable (2.2.2), this is equivalent to saying ggﬁ -
({fe? féc,a, . ,f,f’E), where

+ +
ul,a d + -1 Ml,a
\/g an gi’g = log ¥ + 2i-1

Hoe - HicE 2

fori=2,3,...,k,

& =log

are the critical points of ®. and this in turns implies that they are also critical points of

Fe(§) = Ec(V + 6(£))-

Therefore, the functions
k
v =i (p) = D (Wp—&5) + g (0)) + 0(62)(p).
i=1

are solutions of (2.1.11). Then, going back to the original variables, we can conclude that

N—-4

k €N2—4£iis 2
L _ :
up(T) =Tz E () T TE (@) + ¢e(@),

+
S \evmabic 4 g2

+ 2
for all x € By, where Miia = eﬁﬁm = Mﬁ% and p.(x) — 0 uniformly in By when € — 0, are
solutions of (2.1.1). This ends the proof of Theorem 1.4.1. O
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Chapter 3

Positive solutions for some almost
critical Brezis-Nirenberg type problems
in bounded and exterior domains

3.1 Ansatz

Our intention is to find a suitable ansatz for a function u that solves the problem

—Au = |z|*uPate + A |z|fu  in Q,

u>0 in , (3.1.1)
u=20 on 051,
where € is a smooth bounded domain in RV, N > 4, which is symmetric with respect to z1,...,zn

and contains the origin, o > =2, =2 < f < N — 4, p}, = %, € > 0 is a small parameter and
Ae > 0 depends of € such that \. — 0 as € goes to 0.

In contrast to the result found by Liu [27], the influence of the regular part of the Green
function associated to £ under our assumptions cannot be avoided, so it is suitable to introduce the
projection onto H}(€2) of the function U, o, defined in (1.2.11), that here we denote by PoU,, o, the
unique solution of the problem

{ ~APUya = 27Ul in Q, (3.1.2)

PQU[L,OL =0 on 0f).

Moreover, as was observed in [22], when « is an even integer, the study of the limit problem (1.2.11)
seems to require additional ideas. In this way, as in [21], if & = 2(m — 1) for some m € N, m > 2

we consider the value
Om = max{op(Y) : Y € Y,,,(RM)},

where Y,,(RY) is the space of all homogeneous harmonic polynomials of degree m in RY and

om(Y) = max{h eN:Y(r,0) = Y(r,0+ 2%)}
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With those two ingredients, we are ready to find a suitable ansatz for (3.1.1).
Remark 3.1.1. Due to the similarities in the steps required to prove Theorem 1.4.1 and Theorem
1.4.2, some proofs in this chapter will be omitted.

3.1.1 Preliminaries

To establish an appropriate ansatz for solutions of (3.1.1), we start by considering the unique function
Ty : 2 — R that solves the problem

—ATya=0 in Q,
Tua = —Upa on 08,

where Uy, o is the bubble of order « given by (1.2.12). Hence, PoU, o = Upa + Tpua solves (3.1.2)
and, from [21, Proposition 3.1], we get that 0 < PoU, o < Uy, —Upa < Tpa <0 and

N+242a

Tual(y) = —/J%H(O, y) + O(p ) forallyeQ,

where H is the regular part of the Green’s function of the Laplacian on {2 under Dirichlet zero

boundary condition, i.e., for every y € Q, H(-,y) solves the problem,

{ —AH(,y)

0 in Q,
-

H( 7y) _y’Niz on 09).

Thus, we seek solutions uy . :  — R to (3.1.1) of the form (1.4.4), where . : @ — R is a function
of small order in €2 for suitable positive parameters p; for ¢ = 1,2, ..., k. Note that u; . becomes a
solution to (3.1.1) if it is a stationary point of the associated energy functional J. defined by

E(u) := J(u) — Ke(u), (3.1.3)
where
/ |Vul|? do — / || “uPa e g (3.1.4)
*+1+5
and )\
Ke(u) = E/ |z|Pu? da.
2 Ja
We now took advantage of the fact that the domain has certain symmetries and consider spherical
coordinates © = z(p, 8) centered at the origin given by p = |z| and 8 = | fa We also consider the
transformation
N-2
2 2+a 2
T (u)(p,0) =v(p,0) := <N—2> e Pu (e N*2p0> , (3.1.5)

which is a variation of the Emden-Fowler transformation.
Let © := {(p,0):p>ro(0), 8 € SV}, where ko : S¥~! — R is a continuous function.
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After the change of variables (3.1.5), problem (3.1.1) becomes

. 2 \? _z2+2
L(v) = ace™[v[P>T= + X, <) e” N2Py in®,

N -2
v>0 in ©, (3.1.6)
v=0 on 09,
N-2
where a. := (]\[2_2)“70‘8 and
9 2
L(v) = — <N—2> Agnv —v" + . (3.1.7)
Here, L is the transformed operator associated with —A, where ' = 8% and Agn-1 denotes the

Laplace-Beltrami operator on SN=1.

Proof. Let r = e 72 and x = z(p,0) = e 209 € Q. Then, if we define z = z(r,0) =10 € Q,

we have
__(N=2),
p= 5 nr

o0 (N-2\1
or 2 r

u(z(r,0)) = cefv(p, 0),

and

From (3.1.5), we have

N2
where ¢ = (T) Z+a Moreover, it is know that the Laplacian for these coordinates is defined as

r

0%u (N - 1> ou 1
Thus, by direct calculations

ou N—-2\1 ov (N —2\1
—=——ce’ | —— | —v—ce’— [ —— | -,
2 r op 2 r

@_ pN—22i+ pN—2 i+ pN—22i@
Or? —ee 2 7“2U e 2 7“2U e 2 r2 dp

e (N=2Y 100 (N=2Y 100 0P (N =2\ 1
e 2 r2dp e 2 r2dp e Op? 2 r2

Agu = ce Agv.

and
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Therefore, we can replace in (3.1.8) to get

N-2\%1 92 2 \?
pr— p _ —
Au(z(r,0)) =ce < 5 ) 2 ( v+ 72 + (N — 2> Agv) )

On the other hand, notice that

=
o

N—2(N+2at2
. 2 2+a( N—2 +5) Nt2042 ) ey
‘$|aupa — ¢ N-2 e N2 PeflyPa

2
N _9 Ni2a+2 4 N-2_
N+42 — 2Fa 2+a N
_ 6—2’)65’)( > UpaJrs

and

2B
)\glaj\ﬁu = )\.e N-2 (

Then, replacing all the above in (3.1.1), we conclude that

2 N N+42a42 | N—2
2 2 N+2 -+ S *
p (N=2 1 o%v 2 _ o N—2Pep (N=2 2+ 2o © P te
ce (—2 ) 5 U= 52 N5) Qev| = e e ( 5 ) pPa

+A.e N-2cePu

. 2 _20842)
L(v) = acePeoPate 4\, <N32> e~ Nz P

V.

(3.1.9)

O

To get a suitable ansatz for (3.1.6), we consider the limit problem (1.2.11) under the trans-

formation 7 and its solutions. In other words, we are interested in studying the function

N-2

W (p) i= Crve ™ (14 e ¥27) 57

N—2
with p € R and Cy o = 4(N7ja) I+2a

the unique positive solution of the problem

W' —W+WpPa=0 inR,
W'(0) =0,
Wi(p) =0 asp— +oc.

Proof. Indeed, notice that

W”(P) — W(p) + CNOC e*PaP (%) (1 + 6_%p)_%—2 e—%\j_zgp

_ 442« N—2 _ 442a _ 442a

= W(,O) =+ CN,a e Pap (%) (1 +e N-2 P)*me(e N—2P _ (1 +e N2 p))

= W(p) — Wr(p).
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Moreover Nes

W/(0) = 20na(l+1) 2% ' — Oyl +1) 274
_N-2 _N-2
= CN,a2 2ta — CN,a2 2t
= 0. m
Also, note that if yu # 1, then T (Uya)(p,0) = W(p—&), for all p € R, where £ = — 22 log p.

Proof. By direct calculations, we have

N-2

N-2 24a 2+a
24 _ 2
T(Uu,a)(P> 0) = ( 32) e’ YN ( a 2(2+a)p>

/_L2+O<+,37 N—=2

o
b

N—2 2(2+a) 24«

= ((Nfg)2>4+2a - (N‘i‘a)ﬁ%(N_Q)ﬁ%% (M2+a+€ N=2 p)
2

I

_ 28
But 4 = e ¥-2, thus

N*Z 2(24a) 2(24a) %
Weal(p) = (4(1]\\/%20404+2 e~ (PFE) (e N2 & T N2 p)
A(N+a)\ 720 X, >ra
e 42 N—2
= ( N—2 ) (p8) 2 <1+ 2(2+a)5>
e N2
N2 2040 - 252
)
= W(p—¢)

O

Another point we must consider is the boundary condition of (3.1.6), as W does not satisfy
it. To address this, we introduce the function Il¢ , : ® — R, defined as Il¢ o = T (7,,o). Then, Il¢ o
solves the problem
LIl o) =0 in ®,
e =—-W(—¢&) on0D.

Lastly, for each i = 1,2,...,k, let & be a positive value such that 0 < & < & < ... < & and
&= —¥ log ;. We seek a solution to problem (3.1.6) of the form

k
ke (p,0) =Y (W(p—&) + e a(p. ) + 6(p.6), (p,0) €D, (3.1.10)
=1

where ¢ : ® — R is a function of small order that is symmetric with respect to the variables
61,02, ...,0n. Note that vy, . solves (3.1.6) if and only if uy, . given by (1.4.4) solves (3.1.1). Therefore,
for large values of the &;s, the ansatz presented for vy . provides, after returning to the original
variables, a solution with the shape of a tower of bubbles of order « for (3.1.1).
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3.2 Expansion of the reduced energy

Notice that the energy functional associated with problem (3.1.6) is

Ec(v) := I (v) — K(v), (3.2.1)
where
2
I.(v) :_1/ 2 (Vou|? + [v/)? + |v)? dpdo—%/efpyv|p2+1+adpda (3.2.2)
and )
e 2 _2(8+2)
K. (v) =2 —— N=2 P||? dp de. 3.2.3
0= (525) L0t (323
Note that
2(N+a)_1
2 24+«

I.(v) = — <N—2> Je(u), (3.2.4)
where v = T (u) and J; is given by (3.1.4).
Proof. Indeed, consider first

/ |x]aupa“+€d;c
Pa+1+¢

Using 7 defined in (3.1.5), we have

—2 2(N+

N a N—2

_ 2Fa T N-—2 — 2+a 2(N

|| Pt Ite = o N3P <N 2\ 2o N —2) 2 e (NT)p Pe |y[Patite,
2 2

Next, we can integrate

1 a, patl+e
patite / o[ dx
Q
2(N+a)

= priTe / % (M2 THT (A02) B0 el pet 142 d df

= paJrlHa/el\QfNW(Nf)Q(évfaa) (%)%%Pflvlpaﬂﬂ (N}l)ﬂ( +23) 6—%0 dp de
Q
_ M_l ME
= _pa+11+6 (72 2) 2ta /Q(sz) 2Fa €P6’v|Pa+1+s dpde,
to conclude that
2(N+a) N2
Eae= (%2) o / | PuPe e dy = L [ (R52) 25 ert|ufPatiHE dp df.
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Even more, by straightforward calculations

1
/ |Vul|? de
2 Ja
2(N+a)
_ ;/ (N2—2) e 613N2p<v2+
Q

1 2(N+a) 2N
Q

2(N+o)
- L [ (e
Q

which let us conclude that

2

v

dp

+ () 1V o
E (322 ool ) 550 (—25) 2 dp

ov? 2 2 9

)
Op

2(

2 e 1 d
_ - Vul?de = = -
(N—2> 2/Q| u 2/Q(U dp

2 ) 2
e 2
+ <N_ 2) Vo] > dp do,

ending the proof. O

Since we are looking for a solution vy, ., for i = 1,..., k and positive values & € R, we will use
the following notation.

k
Wilp) =W(p—&), M=o, Vi=W;+IL, V:i=> V. (3.2.5)
i=1
Here we have chosen the ;s conveniently as
1 .
& = ~5 loge +log 1, &1 —& = —loge —loguip1 fori=1,2,...,k—1, (3.2.6)

where the u;s are positive parameters to be determined.
Before stating the main lemma of this chapter, we need the following proposition.

Proposition 3.2.1. The functions defined in (3.2.5) satisfy the following estimates
Wilp)| < Ce I8l |IL,(p)| < Ce™ V6! and  |Vi(p)| < Ce I8!,
where C' is a positive constant depending only on N and o.

Also, in the remainder of this paper, wy_; denotes the surface area of SV~
Aiming at our goal of proving that vy . is a solution of (3.1.6), let us proceed to estimate
E.(V).

Lemma 3.2.2. Let k € N, k> 2, let § > 0, and assume that

S<p; <6 ' fori=1,2,... k. (3.2.7)

N—4-8

In addition, assume that A\c = ne N¥-2 | for some n > 0 sufficiently large. Then, for V defined by
(3.2.5) and points &s as in (3.2.6), there are positive numbers a1, az, as, a4, as and ag, which depend
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only on N and «, such that

k‘2
E. (V) =kay +e¥i(p) + 5 (eloge)ag + keay + €O (),

where p = (p1, p2, -, Bk,
k _ k 1 9 (8+2)
Up(p) = az Z(k — i+ 1)log u; — a3 Zui + GB? — klog i —agnp, "°

i=2 i=2 1

and O:(p) — 0 as € = 0 uniformly with respect to the values u; satisfying (3.2.7). Here,
2N+

a)_l
2 2+ 24+« arpial
= —=— —_— Uie'd
“ (N—2> (2(N+a))/RN|x| La &%

WN—-1 *
ag = / WrPatldp,
R

Copr 1
AN + a) 3724
6% 442c .
— lelya7pa
as := wN_l/e WPadp,
< N -2 ) R

-2
e

N
_ 1 N — 2 2+a " "
ag = uiN ! (( - —log () )/Wpa+1dp—/Wpa+llongp),
P +1\\p; +1 2 R R

2(N+a) 1
24«

(N + a)(V — 2))3% H(0,0) / 2| UP da
RN ’

1 2 2 2(6+2)
= 11— _— T N-2 p‘/1/2d .
46 *= WN-15 (N—2> /Re P

and

Proof. First, we combine (3.2.6) with (3.2.7) and obtain

§1>—log<\f> and §i+1—£¢>—log<§) fori=1,2,...,k—1.

We also consider the numbers

(1 =0, gi:% foralli=2,....k, (ey1 = 00,

and the sets ©; = {(p,0) €D : ;< p<( iy} foralli=1,2,... k.

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

We now make some basic estimates. Let [ € {1,2,...,k} be fixed. Then, it is not difficult to

check that for every i,j € {1,2,...,k}, one has

WPSW; dpdf = o(e™2 ) ifi 1.
D;

Indeed, if i = j and ¢ > [, we can use Proposition 3.2.1 to get

67

(3.2.16)



D;

. Cit1 .
Wfa+1dpd0 < CwN—1/ e—(pa+1)|p—£i|dp

G

_ O a6 [T

G

Ce~PatD)(G—&)

IN

Ce—pZ;l (&it1—&)

IN

* *
Ce Pegt o(e Pogt )

IN

and the case i < [ is analogous. Moreover, for every j € {1,2,...,k}, if i # j, we have

On the other hand,

. Ci+1 .
Wf”‘WjdpdG: WN -1 Wlpo‘Wjdp

Dy

if i = 1, then

G
¢
< C a e Palr=tile=lr=4il g
G
C1—&
_c / T e pilel o6l g,
=&
C1—&
e / T emrilel lel-le5l g
=&
Grr1—&i
_ Celagl / T il g,
=&
¢
< 05/ T e mamDle=6il g
G
< Cee's
< CEPTH.

/ W/ W;dpdf = wy 1 C e 78] / ePIWPe dp + o(e) = ofe)
9, R

if i =j and j # [, since W is even. Indeed, notice that

D

WPW; dp d =

Cit+1 .
wN-1CN.a(1 +0(1)) wyeelr=5ldp
G
§141—&1

wy-10n.a(1 —I—o(l))/ Wi o661 g,

§-1—&
2
w1 Cy e &6 / WPeelel dp + o()

R
Ce+o(¢)

o(e).
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Now, by setting
o k . k
W=> W, and T=> T,
i=1 i=1
from the definition of V in (3.2.5), we obtain W = V —II. Then, by Proposition 3.2.1
0<Wi—V,= I, <Ce & <Cez in®,

for all i = 1,2,..., k. Let h(t) = |W + tII|Pa*!. By applying the Mean value Theorem, we estimate

/@ (sz“ _ VP?;“) d,odO’ _

/@h(O) —h(l)dpdé?‘

= (p;+1)/ W + tH|P=TIdpdf (0 — 1)
(3.2.18)
< (ph+1) / (ZW) ITI| dp d6
= o(e).
patl
In the same way, letting g(¢ 'T/Vl +1 Z W; , we can use the Mean value Theorem to estimate
J7#l
/<ZW”“+1 Wp"+1>d o = Z/ <Wpa“ Wi+ > W, Ipa“) dpdb + o(z)
D

J#l

_ Z/@ 1) dpdf + o(c)
) (ZW> 1)dpdf + o(c) (3.2.19)

i— J#l

Z Wj) dpdf + o(e)

IA IA
Q5
S,
—_ =
= M
R o5~
7 N /\

< Co(e) + o(e)
= o(e).

From (3.2.18) and (3.2.19), we obtain

/ VPatldpd = Z

Next, we are interested in estimate I.(V'). Note that

WPt dpd + o(1) = kwy / WPatdp + o(1).
)] R

I (V) = Iy (V) + Al,a + A2,6 + AB,E s (3.2.20)
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where

1 2\’ .
In(V)== ——— ) VeV + V]2 +V? dpdb,
o) =3 [ ((§55) IFovE+ P+ p
1 1 .
Ae = ( - )/ VPaTldpdb,
' o+l pitlte) o
1 * £3
to = A [ ()
Topatltels
and 1
Age=——— | (1 —ace)VPat1Tedpdg.
b pz+1+a/©( =) r
If we define ¢(e) = (pi‘xﬁ - m) [V|Pat! and r(e) = m (JV[patt — [V|Pat1F€) it is not
difficult to verify, using a Taylor expansion and the Mean value Theorem, that
k:wN 15 p*+1
A= — N W «tdp 4 o(e), (3.2.21)
(P +1)°
kwn— «
Ay = —w/ Wratlog W dp + o(e). (3.2.22)
Pq +1 R
ively. For A defi _ vratite () (N-2)350 0oe ) and use (3.2.6
respectively. For Az ., we define s(e) = S E: - (%52) e ) and use (3.2.6) to get
1 "
A= ——— 1 — a.eP) VPaT14eq, 4o
e o [ () /
1

— m A (1 - ageap) ng+l+€dp d0 + 0(8)

5 N -2 N -2 N € «
= — log [ —= Wratldpdf — / WPatldp 4o
p2+1<2+04 Og( 2 >>© r Py +1 @p pdb =+ ofe)

stk
() e
T

(o — ) dpdf + ofc)

$l+1 &

(y + WPt (y) dy + o(e)

pa §-1-& 1 &
k
WN_1E N N -2 .
— 1 patl
11 <2+a g( 5 >>+<;&>]/RW (p)dp + o(e)

N-—2
_ N — 2\ 2+a "
_ _(.UN 15<10g< ) >/ Wpa-i-ldp

k

k2 "
i el S loge — klog uy + Z(k‘ —i+1)log p; / WPaTdp 4 o(e).
2 =2 R

(3.2.23)
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On the other hand, notice that

k

/(Zv”a“ Vp&“>dpd0—i—z Z /Wpav dpde.

=2 j=1,5<1

Indeed,
k

k
N 1,(V) = yPatl _yr +1>d d6
R (v .

1

1 2_ 2 2 12 2

1 k
SL(E
=1
1 * *
: Z ‘/ipa+1 o Vpa+l> dp do

462

) 2
( () VeViVeV; + V/Vi + VV;) dp df

N

5 \2
(_2) IVoVil* +|V/|* + Vf) dp df
K

p*
N -2
1 LI
= /(Zv;pa“—vpi“) dp do
Pat1l/o\Z
k k 2 2
"
+ZZ/ <—<N_2> AoV — Vi +m>vjdpde.

But W” — W + WPe =0 and II” — II = 0, therefore

ZIO = +1/ (ZV”““ vpa“) dpd0+ZZ/Wp“V dpd6

i=1 =1 j<i

and in this way, we can rearrange the previous expression as

k k
Io(V)=> Io(Vi))+ > (Bii+ Bay+ Bsy),
i=1 =1

where, for every [ = 1,2,...,k, one has

7

k
<Vpa+1 yPatl L + (pa+1) Vipz Z Vj> dp de,

D=1 j=Lj#l

By = — Z(Wpa Z V>dpd0

D=1 J=15>1

71



and

Bs —/ (
Pii=1 N j=1,j#

We will prove that, for every [ =1,2,...,k, By; and Bs; are of lower order than By .

(wre —vre) Vj)dp do.

For By, we can use the Mean value Theorem twice to get

k
By = Z(“’““ VI 4 (po + 1) VP S Vj>dpd"+o<a>
pa+1 D1 J=1j#l

Cl+1 k . " k
= wN_l/ <<— Vi+9 Y. Vj>pa+Vf’°‘) > Vj) dp + o(e)
Q

j=1,j# j=1 jsﬁl

pa_l

= pPhwn-— 1/Cl+12v<v+n9 Z v> ﬂZVd,o—l—o()

G =154 J=1,j#l J=1,j#l

5

IN

J=1,j#l

¢
o [T e~ (
G j=1j#l

IN

Ger b 3 3
_c e—(pa—1)|p—sz|< 3 v;) v ( 3 Vj) "5 4o+ ofe)
l j=

G j=1,j#

IN

Gyt ) k
C / e~ Palp=Eil Z V;dp

G J=10# G =1

IN

Cz+
e Palr—&l Z e 1P—¢il ¢
¥
J=1,j#l G =15

( €z+1 & k PE o
o
p

IN

{l s e~ Palol Z el =165l g, e 5 4 o(e)
=1,

*

pet+1

Po
—(pa—Dlel dp> "EEE +o(e)

IN

-1 pp+1
= Ce v& ¢ 25 +0(e)

= o(e)
and this holds for every [ =1,2,...,k.

For By, we need to separate the cases j > [ + 2 and j = [ + 1. The first case implies that
—& — &;] < 2log(e) — C with C' > 0. Then, for every | =1,2,...,k
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IN

IN

IN

IN

k C+1 .
= —wN_1 Z /C WPV, dp + o(e)

j=+27¢
k
wN-1CnN,a Z o Wlpze*'p*g”dp%—o(s)
j=l+27 %
k §141—&1
wn-1CN.o Z /;1—111 WPaelel=16=¢il gp + o(e)
j=l+2 2
k
wn 1 Cna 3 elasl / PP dp + ofc)
j=1+2 R
Ce? + o(e)
o(e)

and such, the only relevant term is the case j = [+ 1. In this case, By can be estimate as

By = —wy_1 Cy e~ @18 / PP dp + ofe).

R

Lastly, to estimate B3, we can use the Mean value Theorem to obtain

Bs

k k
= [ (2 (o)) o
D=1 N j=1,j#
k Gt . .
= wno1 Y / (V[/lpa—leo‘>dep+o(5)
=174
-1 Cit1
C Z / I, Vj dp + o(e)
=117

Ce=% + o(e)

IN

IN

IN

Ce? + o(e)
o(e),

for every [ =1, ..., k. Therefore, we get

k—1

k
Iy(V) = Ip (Vi) = —~wn—1Cna Y e (18l ( /R elrlyra dp) +o(e).
=1

Now, note that

=1

2 Q(é\_]:‘a)_l
Io(Vi) = <N_2> JoWUpio + i)
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where

24+« * _
JoWpsx + o) = [NV o+ 20 0,0) [ U da o).

2(N + ) Jrv

Finally, to estimate (3.2.3), we can proceed as

k
2( ) 2( )
/e V2 dpde = S / N2 V2 dpdf + ofe)
) . )

k
( 2)
=3 [ o+ ofe)
i=1 79

§ir1—&i

2(B+2)
= WN_ 12/511 e, (P+§z)W2dp+0()

2(B+2) 2(B+2)
=lez f/ N2 W2 dp + o(e)
R

2(8+2) 2(6+2
= wny_1e N2 51/6 =2 PW2dp + o(e).
R
Thus,

A 2 2(,3+2) )\ 2 2(8+2) 2(8+2)
= (ﬁ) /e -2 PY2 dde—? (ﬁ) wN_1€ -2 51/@_ e dp+o(e). (3.2.25)
D R

2

Then, from (3.2.20), (3.2.21), (3.2.22), (3.2.23), (3.2.24) and (3.2.25) we finishes the proof. O

3.3 The Linear Problem

In this section we consider the ansatz v = V + ¢ introduced before. Then we can recast problem
(3.1.6) in terms of ¢ as follows:

L5(¢) = N€(¢) +R. in®, (3.3.1)
¢p=0 on 09,
where )
(B+2) 2
Lo(9) := L(¢) — a-e®(pl, + e)VPa=12p — Ne _2Apt2) (N—Q) o, (3.3.2)
N.(¢) := a.eP((V + ¢)p3+a _ ypate _ (s + 6)Vp:;—1+a¢) (3.3.3)
and

R. = EPVP* +e g sz by _2§€+22)p 2 2V 3.3.4
e +— Qg€ —Z i + Ace m . ()

i=1
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Before continuous, it is convenient to recall that the function

Zp,a = 3g:,a

is the unique, up to a constant, radial solution of the equation

{ —Az = pa|ﬂj‘|aU5;;a_1Z in RV, (3.3.5)

2 e D2 (RY),

rad

see [21, 22| for a > 0, and [2] for —2 < a < 0.

Remark 3.3.1. Case o = 2(m — 1) for some m € N, m > 2, is more delicate because the space of

solutions to problem (3.5.5) has dimension 1+ (NH?]QE)Q()]!V"Zm%)!, and it is spanned by functions of

the form

Yinj (@)
(M2+a + |x|2+a)% ’

Zu,00(2) = Zpa(r) - and  za(x) = cum.

where ¢y j is a positive constant and {Yp, ;};, with j = 1,2,..., (NHTA*,E)Z()]!VJ!m*g)!, s a basis of

Y. (RY), the space of all homogeneous harmonic polynomials of degree m in RN . Therefore, in both
Theorem 1.4.2 and Theorem 1.4.6, the hypothesis Ha) was introduced to ensure the invertibility of
the linearized operator between the appropriate function spaces.

Now, rather than solving (3.3.1) directly, we first consider the following intermediate problem:
given points & := (&1, &,...,&) € R*, find a function ¢ : ® — R that is symmetric with respect to
the variables 61,6, ...,0y and such that, for certain constants ¢;, it satisfies

k
Lo(¢) = Ne(¢) + Re+ Y _ciZ; in D,
i=1
¢»=0 on 09,
/Zigbdpdaz(] ifi=1,2,...,k
D

(3.3.6)

where the Z;s are defined as follows. For each i = 1,2,...,k, let Pqz; be the projection onto H}(€2)
of the function z; defined by z; := 8%%. We have

APoz = Az; in €,
Paz; =0 on 0f).

Now, let Z; := T (Pqz;). Then, Z; solves
1

L(Z)=pWP 'z, in®D,
Z; =0 on 09.

According to (3.3.6), problem (3.3.1) has been reduced to that of finding points & such that the
constants ¢;s are all equal to zero. Thus, we need to solve the system

ci(€)=0 foralli=1,2, ...k (3.3.7)
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If (3.3.7) holds, then v =V + ¢ will be a solution to (3.3.1) or equivalently to (3.1.6).

To solve problem (3.1.6), it is necessary to understand its linear part. To this end, it is
convenient to introduce the following norm: given an arbitrarily small but fixed number o > 0, we
define the following weighted L*°-norm

k —1
lglle == sup (Ze—“—@'ﬂ—fi') 19(0,0)].

(p,0)eD \ ;5

Although this norm depends on ¢ and the vectors €, we do not indicate this dependence in our
notation. In fact, different choices of o and & lead to equivalent norms. Additionally, we introduce
the Banach space

C'®)={feC®D):|fll« <ooand f is symmetric with respect to 61,6s,...,0n},

endowed of the || - ||«-norm, and the space L(C*(D)) of the linear operators on C*(®). Then, given
h € C*(®) such that
/ Zihdpdd =0 fori=1,2,... k,
D

we consider the problem of finding ¢ € H} (D) that is symmetric with respect to the variables
01,05, ...,0N and such that for certain real numbers ¢;, the following linear problem is satisfied:

k
L(¢)=h+> cZ in®,
i=1
6=0 on D, (3.3.8)
/Ziqbdpdaz() ifi=1,2,...k,
)

where the linear operator L. is defined in (3.3.2). First, we obtain the following result.

Lemma 3.3.2. Assume the existence of sequences of numbers €, — 0 and points 0 < £ < &§ <
... <& depending on €, that verify

& o0, min (€8, —€) oo and & =o(c,"), (3.3.9)

At

such that for certain scalars c;, and functions ¢, € H& (D) that are symmetric with respect to the
variables 01,62, ...,0n and h, € C*(D) with ||h,||« — 0 as n — oo, one has

k
Lz—:(¢n) = hy + Z Ci,nZi,n m D,
=1
bn =0 on D, (3.3.10)

/Zi,n%dpdo:o ifi=1,2,... k,
D

where Z; ,(p,0) := T (Paz;)(p — &, 0), for all (p,0) € ©. Then, lim,_, ||¢n|« = 0.

Proof. First, we prove that lim,_, ||¢n]lcc = 0. Arguing by contradiction, we can assume that
|¢nlloc = 1 for all n € N. Testing the partial differential equation in (3.3.10) with Z; ,, and integrating
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by parts, we obtain

/ (Zin)bn dp dB — /h Zipdpdf = Zcm/ZmZ]ndpde
) D

7=1

The previous equality defines an almost diagonal system on the ¢; ,s as n — 0o. Indeed,

o b ifi=j,

as n — oo, for some values b; > 0. Meanwhile, the assumption ||h,|[+ — 0 as n — oo implies that

k
| (p, 0)] < On(p, )Y e (1mlo=E
=1

for some sequence ©,, such that ©,, — 0 uniformly as n — oo, and bearing in mind that Z; ,(p, ) =
O(e“p_fﬂ), we obtain

‘/ hnzi,ndpde‘ gcy@num‘/ e—<2—<’>|P—€?|dp‘ -0
D 0

as n — oo. Additionally, note that from the orthogonality condition in (3.3.10) and the fact that
Zin(p,0) is a solution of L(Z;,) = paWp“ Zin in @, after an application of the dominated
convergence theorem, it follows that

* 2(8+2) 2 2 .
/ (ae(pz +ep)e P YPatenl 4\ T N2 P <N2> — Wi 1) Zinbndpdd — 0
@ _

as n — oo. Therefore, from (3.3.10), we obtain ¢;,, — 0 as n — oo. Now, let (p,,0,) € © be such
that ¢n(pn,0n) = 1. We claim that for sufficiently large n, there exist # > 0 and i € {1,2,...,k}
such that

lon — &'l <T asn— oo. (3.3.11)

Conversely, suppose that |p, — '] — 0o as n — oo for any ¢ = 1,..., k. Then, either |p,| — oo or
|pn| remains bounded. First, assume that |p,| — 00 as n — oo. Let us fix an index i € {1,2,...,k}
such that (3.3.11) holds and set

a)n(pv 0) = ¢n(p+ pn70)7 (P, 9) € R x SN_I-

Hence, from elliptic estimates, we may assume that, up to subsequences, the sequence {g?)n}n N
converges uniformly on compacts to a nontrivial solution ¢ of the equation L(gg) =0in R x §N-1
such that ¢ — 0 as |(p,0)| — oo. Hence, we can consider V¥ verifying ¢ = T(zﬂ) such that AY = 0 in
RN\ {0}. Moreover, ||¢|loc = 1 translates into [)(y)| < |y|>~ V. It follows that 1) extends smoothly
to 0 to a harmonic function in RY with this decay condition; hence, ¢) = 0, yielding a contradiction.
In similar way, by assuming that |p,| remains bounded and putting ¢, (p,0) = ¢n(p — pn + £, 6)

we get that qﬁn converges uniformly on compacts to a function qﬁ, and then we get a contradiction
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again. Hence, we may assume that, up to subsequences, the sequence {gi)n}n oy converges uniformly

on compacts to a nontrivial solution (;~5 of the equation
L(¢) = piWPa~lg in R x SNL, (3.3.12)
In this way, we can consider 1; verifying (B = ’T(zﬁ) such that it is bounded in RY and verifies
~AY = phle|*UTs ' in RY. (3.3.13)

Hence, we can argue exactly as in Lemma 4.1 in [21] for obtaining U e Diai(RN) that by setting
Z := T (Pq# ) implies that ¢ = C Z for some C # 0. However, after passing to the limit on the

orthogonality condition in (3.3.10), we obtain

0=/ (0 — €M 6n(p dp—/ /5" P)bnlp + E)dp — C W™ (p)dp,

RxSN-1

which is a contradiction. Therefore, we have proven ||¢y|oc — 0 as n — oc.
Now, we define g, := L(¢y), i.€

k 2
* * _2(B+2) 2
gn = aseep(pa + 5)|V’Pa 1+6¢n + hn + Z} Ci,nZi,n + >\5€ v <]\7—2) ¢n (3'3'14)
1=
Since ||hnll« — 0 as n — 00, ¢in — 0 as n — oo and L(Z;,)(p,0) = O(e™1P=&') for i = 1,2,... , k,
k
ac (pr, + 5)Vp2—1+s¢n‘ < Olénlle Ze—(pii—ﬂ)lp—&?l’
i=1

and

k
< C|lénlloo Z e~ (1=)lp=E7]

=1

2(8+2) 2 2
e N2 P __— _
= <N - 2> o

with [[én|lcc — 0 as n — oo, then

k
19(p,0)] < On(p,8) Y e~ (1-2lr=¢1]

i=1

for some ©,, — 0 uniformly as n — co. Choosing sufficiently large C' > 0, we obtain that

k
on(p,0) = C [Onlloc Y e 1)o7

i=1

is a super-solution of (3.3.14) and —p,(p, ) is a sub-solution of (3.3.14). Therefore,

’d)n(Pa S n(p, 0 Ze (1-0)|p¢7|
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for some ©,, — 0 uniformly as n — co. This completes the proof. O

Remark 3.3.3. Ifa = 2(m—1) for somem € N, m € N, m > 2, and bearing in mind Remark 3.5.1,
in the proof of the previous lemma, we can consider functions ¢, € H}(D), with ||¢n||« bounded,
that are symmetric with respect to 01,62, ...,0N and such that 1, defined by ¢p, = T (V) in D is
symmetric with respect to x1,x2,...,rN and invariant with respect to the group of rotations O(M),
where M is an integer greater than o,,. In this way, we can obtain QNS that solves (53.5.12) and then
U e DV2(RYN) that solves (3.5.13). Since Zrna,j @ Remark 5.5.1 do not belong to the family of
symmetric functions with respect to x1,x2,...,xN, nvariant with respect to the group of rotations
O(M), then ¢ = C 214 is the unique solution to (3.3.13) and ¢ = C Z is the unique solution to
(3.5.12).

Consider now the space

H€:{¢€H&(®):/Zi¢dpd0:0, i:1,2,...,k}
)

endowed with the inner product
(o). = [ ovdpds.
D
We obtain,

Proposition 3.3.4. There are positive numbers &y, 0, Y and 7, such that if & € M., where
M. =¢eRF: 7 <€ Tr < min (§4+1 — &) and & <§k
€+ - Tk 1, k 1<i<k i+1 7 k c )

and
0 < Ae < g,

then for all € € (0,&;) and all h € C*(D), problem (3.5.8) admits a unique solution ¢ := T.(h).
Moreover, a constant C > 0 exists such that ||Tz(h)||« < C||hll« and |¢;| < Clh]x.

We are now interested in studying the properties of the differentiability of 7% in the variables
&;, which will be very important in the following. For simplicity, we will henceforth consider numbers
€k, O, T and 7, the set M. and 0 < A\ < A, for 0 < € < &, given by Proposition 3.3.4. We define
the map S. : M. x C*(®) — L(C*(D)) by (&, h) — S:(§, h) =T.(h). We get,

Proposition 3.3.5. Under the assumptions of Proposition 3.5./, for each h € C*(D), we have that
the map &€ — S.(&,h) is of class C'. Moreover, a constant C' > 0 exists such that ||[De¢T.(h)||.« <
C||hl|« uniformly on vectors & € Mg and values 0 < Az < .

For subsequent purposes, it is convenient to assume that for M > 0 fixed and sufficiently
large, the following constraints hold:

1 1
ilog— <&, log

, 1 N—4-p
e < manC{gi_éi—l}u & < I{:logﬁ8 and A\ < Me V-2 . (3.3.15)

M¢& =2,

Consider N.(¢) as in (3.3.3) and R as in (3.3.4). We want to estimate both of them and for that,
we have the following Lemmas.
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Lemma 3.3.6. Let &1,&a,...,& satisfying (5.3.15). Assume additionally that ||o|. < i and o is
sufficiently small. Then, there exists eg > 0 such that for all 0 < e < g9 we have

IN:()]]x < Cllg|Imm P02t DyNL(@) ]| ey < Ol Pateo =1

and

IVeN-(9)]« < C|lp||mmPateot},

Proof. From (3.3.3), we have
N(9) = e ((V 4 @)t — VIits — (pf, 4 )V7at=lg)
Let f(t) = (V + t¢)PaT=. By the Mean value Theorem, there is v € (0,1) such that
(V4 @)Pats — VPt = (pf 4 &)(V 4+ vg)Pat" 1o
and this in turn implies that
No(6) = (0 + £)6 ((V + va)atemt - yratml), (3.3.16)

for some v € (0,1).
Define g(t) = (V +tv$)Pat~1. Then, using the Mean value Theorem once again, there is ¥ € (0, 1)
such that

(V 4+ vg)Pate=l _ypate=l — (pf Lo _1)(V 4 Qugp)Pate2pg,

Thus,
Ne(¢) = €Ep(p:; -+ 6)(pz 4+ — 1)y¢2(v + 191/¢5)193—i-5—2

To continue, we need to study 2 cases. First, assume p}, > 2. Then, if |V| > |¢|, we have

pg+572‘¢|2

[N=(¢)|

IN

ClV +dve
Clol.

IN

On the other hand, if |[V| < |¢|, then

p;+sf2‘¢|2

[Ne(0)]

IN

ClV +dve
C|¢’p(§+a‘

IN

Onto the second case, when p}, < 2, we can consider € > 0 sufficiently small such that p}, +¢ < 2.
Then, from (3.3.16), we have

IN-(¢)] < C|@| |(V + vg)Patet — yraterd
Let h(t) = (t 4 1)Patel —tPate=l Differentiating, it is easy to see that

B (t) = (pf, + e —1)((t 4 1)Pate=2 —Pate=2) < 0,
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since p} + ¢ — 2 < 0 and this in turn implies that h(t) is decreasing. Notice that h(0) = 1, therefore
h(t) <1 when ¢t > 0. Thus, if |V 4+ v¢| > |V|, then

‘(V 4 V¢)pg+sfl _ Vp:,;l’sfl‘ —_ (V + l/(z))pZJrsfl _ Vpgﬂrsfl

( V+vo >p:‘+5_1
(V+vp)—V

v pot+e—1
- <(V+v¢> - V>

e, [V
E—ta

= (V4 vg) vyt

< |¢’PZ+€—1_
Notice that when |V + v¢| < |V, then
(V + V¢)p§§+z—:—1 o VpZ—&-s—l‘ _ Vp;—&-s—l - (V + V¢)pg+s—1
and the proof is analogous to the previous case. Accordingly, N.(¢) can be estimate as

IN:(p)] < C ’(V + qu)p(’;—i-a—l — fo;-i-a—l{ 9|
< C|¢’pz+s—1|¢|
< C|¢’PZ+5_

Let k(p) = sup (Zle 6(1‘7””5”'). Thus
(p,0)e®

nfl‘NE(qj)‘ CH*1‘¢|rnin{p:;+5’2}

||N€(¢) ||>|< < Cﬁmin{pg—i—s,Q}—lH— min{p} +¢,2} |¢|min{pz+5,2}

IN

A

|| rintrate?)

IN

For the second estimation, by direct calculus we have

DyNL() [9] = (0}, + ) (V + @i et - yratety) y,

Following the same steps as the previous estimation, if p}, > 2, then

|DyN=() [0] | = e (vl + ) + € = DIV +vo|Pat72[g|[y]

C|g|mintpate=L1} ),

N
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and similaly, if p}, < 2 then
[DoN=(9) [¥]] = e (pl, + ) [(V + g)pat=—t — VPate=i] |

< C|(V +gpatert —yritet|jy
ClglF+e1 .

IN

Thus, combining both cases, we conclude that

IDyN-(¢) [00] | < C|g[min{pa+e=11} |y
| DgN=(0)|| oy < Crmintpatelil}gmminipate=1.1}|gmin{pa-+te=1.1}

_ CH¢H?1H{1?Z+€—171}

For the last estimation, by direct calculations, we have

8N6(¢) _ EP(* py+e—1 ph+e—1 * ph+e—2 ov
5e =i+ ((V40) v (v + = VR0) o
Then, by using Mean value Theorem, we obtain
8N5(¢) _ Ep * * p*+672 p*+672 8‘/
R R ] (L e (] 2
If |V| > |¢|, then
aN£(¢) 14 * _ * _ aV
= %P (p* * -1 pi+e—2 _ y/pi+e—2
R R ] e G (]
< ClV[pate=2[g||V]
< CvpEretyg)
< Clgl.

On the other hand, if |V| < |¢|, we will study two cases. First, if p} > 2, we can choose ¥ € (0,1)
and use the Mean Value Theorem

‘ONE(QS)' _

* * aV
e R R U i 7]

3

IN

CIV + Jvg|Pat=—3|g*| V.

If p, > 3, then

IN

’8Ns(¢) ’

Pate S|V

< ClglPate3|g?
< COlgfpate
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and if 2 <p} <3

R R L e
< CIviFE+lv)
< Clvipate2igp
< C|¢‘p3+a.

Lastly, we need to study the case 1 < p}, < 2. Notice that if we choose € small enough such that
pi+¢e—2<0, then

R L e S [
< OV V]
< Oy
< Clopire

and this allows us to conclude that, in both cases, the following estimate holds

_1 |ON, (¢)' B -
1 € 1) 4 |min{p} +e,1}
K < Ck
HV5N5(<Z5)H* < Cmmin{p(’;%»s,l}flﬁf min{pg+e,1}’(b‘min{p;‘frs,l}

IN

C||¢”>rkn1n{pa+8,l} |:|,

Lemma 3.3.7. Let &1,&a, ..., & satisfying (3.5.15). Assume additionally that o is sufficiently small.
Then

|R:|ls < Ce7, || VeRe|« < C&°,
for some & € (0, 3).
Proof. From (3.3.4), we can rewrite R, as
R. = ePVPate —_ eEPYPa
1PV Pa — VPa
k «
+ VPa — ;1 whe

2(B+2)

+ Ae (ﬁf e N2 PV
= Ap + Az + A3 + Ay
For Aj(p), define f(t) = VPa*t, Thus, by Mean Value Theorem, we have
A1(p) = —eePlog(V (p)) VPt
for some v € (—¢,0).
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If [V(p)| > 1, then
|41 (p)] < Ce|V(p) [Pt

and this in turns implies that ||A;|. < Ce||[V]|« < Ce.
On the other hand, if |V (p)| < 1, we can define s(t) = tPat*~Llog(t), with ¢ € [0,1]. Note that this
1

function reaches its maximum at ¢ = e »a+*~T, 50 upon replacement, we obtain
|A1(p)| < Cellog(V(p))||[VPat|

Ce’;" log(V(p))’ ’Vp¢’;+l/*1| ‘V(p)‘

Ce tomn |V (7))

< CelV(p)

IN

IN

and therefore [|A;|l. < Ce||[V ||« < Ce.
For As(p), define g(t) = e'?. By Mean Value Theorem,

As(p) = —eper VP

for some v € (—¢,0). To continue, we need to analyze two cases. First, if p < &, then

k
3 e U-ol&l > (o)l
=1
_ o (1-0) (&)

and such

& -1
(Ze (1—0)|p— &) < e(1=0)(&—p),

i=1
Even more, from (3.3.15), we have e1=?)& < (Me)~(1=9)% Thus

k -1 ~1
(Z e(la)lpfi|> |As(p (Ze (1-0)|p—¢&il ) ep|V|Pa
i=1

6(1_0)(&“_9 5p’V|po¢

IN

]| VIIEE (pe=(=e)elt=)t
Ce(Me)~(-0)k
CEI—(I—O')]C‘

IN A

IN

Conversely, if p > &, then

[V (p)|Pa - CePalp=Ekl
S o-(-lpg  ReTITOP
e TP
i=1

= (Ce—(Pa—1+0)(p—&k)

84



and such
k -1 k -1
(Z 6_(1—0')|P_5i|> |As(p)] < (Z e—(l—o)p—&) ep|V|Pa
i=1 i=1
S Cgpe—(PZ_1+J)(P—§k)

IN

Cepe_a—(p_fk)
= Ce(pe=P)eS*

1-k
Ce' =%,

IN

for o small enough. Therefore, || Azl < Cel=Fo.
Next, to estimate As(p), we need to introduce a positive constant w € (0, 1), which will be

1
determine later. Assume that there is [ € {1,...,k} such that |p — §| < wlog(ﬁe). From (2.3.13),

we have

lp =&l > & =&l —1p—&l
> 10g(Mie) - wlog(Mia)
= (1 -w)log(r)

and this implies that e~1P=%l < Me(=9) for i # I. Even more, the previous inequality implies
that [W;| < Me(l=) |IL;| < M%) and |V;| < Me(=%) if § # 1. Moreover, we notice that
lp — &| < wlog(4f2) also indicates

—wlog(§72) < p—&

26 —wlog(3r2) < p+&
261 — wlog(MiE) < p+4&,

thus
‘Hl (p) ’ S Cef(p+£l)

< Ce—2§1+w log(ﬁg)

< Ce %gv
< Celv,
Having stated that, define
k P
h(t) = | Wilp) +t | T(p) + > Vilp) :
i=1,i%l
then, by Mean Value Theorem, we have
k pa—l k
VPa(p) = WP (p) = pl | Wilp) +v [ IL(p)+ > Vilp) m(p)+ > Vilp)
i=1,i# i=1,i#l
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for some v € (0,1). Hence

ph—1
14(o) s = 5~ |p5 (Wwp)w(m(m ilvi(p))) <H1<p>+, 5 vxp))

i=1,i#l
k k -1 g .
< clmp) + 3 Vi)l + (Ze—(l—o ’ m) S WP ()
i=1,i£l i=1 i=1,il
k
< Cet-w 4 ¢ » e~ (Pa—140)|p—&il
i=1,i#l

< 0w 1 Celpa-1+0)(1-w)
S CE(I—u))

Now assume the opposite, in other words, let |p—&| > wlog(5) for all i € {1,...,k}. It is easy to
see that this implies e~ 1Pl < Me¥ for all i € {1,...,k}. This in turn implies that

‘/Z(p) S C€7|p7§i|
< Ce¥

for all : € {1,...,k} and the same applies to W;(p) for all i € {1,...,k}. Thus, we can estimate

k -1 -1 g
143, < (Ze“ff)ﬂff) V(PP + (Ze fz) S [Wi(p)l
i=1 =1

< Cg—(l—a)wngw+C€—(1—U)w5paw

= CE(PZ*1+0)W.

Choosing w such that (p}, — 1+ 0)w = 1 — w, in other words w = we can conclude that
| Asls < Cell=e),

Lastly, for A4(p), we have

_1
pato’

k -1 4 k -1
(Z e—olp—&l) 1A4(p)| < me” V-2 (%2)2 ~2pD, & E e~ lr—¢il <Z e_(l_o')'P_fi')
=1

=1

-1
N—4— 2 2p+2) kK k
S 776 N72B(ﬁ) 67 5\772)p267(1 g Ip g’b (Z e 1 o |P 51')

=1

N—4-8
thus ||A4ll« < Ce v=2",

Therefore, || Rc||« < Ce, where & = min{(1 — ko),1 — p;;1+a’ oA
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To prove ||[VeR:||« < Ce?, notice that

OR. 0A1 0Ay O0Az O0A4

o6 o0& o0& o T og

for all i = {1,...,k}. Then, we can use the previous procedure to conclude the proof. O
Thus, we obtain the next result,

Proposition 3.3.8. Assume that constraints (5.3.15) hold. Then, C' > 0 exists such that for
all sufficiently small €, a unique solution ¢ = ¢(&) to problem (3.3.6) exists. Moreover, the map
€ — @(&) is of Cl-class for the || - ||.-norm and satisfies ||¢||« < Ce® and ||Degl|« < Ce%, for some
7€ (3,1).

3.4 Finite dimensional reduction

Finally, we consider the constraints (3.3.15) and the function ¢ = ¢(&) given by Proposition 3.3.8,
which is the only solution of problem (3.3.6). According to previous calculations, we note that ¢; = 0
in (3.3.6), for all ¢ = 1,2,...,k, is equivalent to saying that v = V + ¢(£) is a solution of (3.1.6).
Therefore, we need to find points € so that the system ¢;(&) = 0 for all i = 1,2, ...,k has solution.
This system turns out to be equivalent to a variational problem, as stated below. Consider

€.(§) := E(V + ¢(§)), (3.4.1)
where E. is the functional given in (3.2.1). Hence, by means of standard arguments we get,

Lemma 3.4.1. Assume that constraints (3.5.15) hold and let ¢ = ¢(&) the function given by Propo-
sition 3.3.8 and V' as in (3.2.5). Then, the function v =V + ¢(§) is a solution of (3.1.6) if and
only if € is a critical point of €.

The next step is to validate an expansion for €., which will be crucial for finding its critical
points.

Proposition 3.4.2. Assume that constraints (3.3.15) hold, and let ¢ = ¢(&) the function given
by Proposition 3.3.8 and V as in (3.2.5). Under the assumptions of Lemma 5.2.2, the following
expansion holds:

¢ (&) = E.(V) + o(e),

where o(g) is uniformly of this size in the Cl-sense on the vectors €.

3.5 Proof of Theorem 1.4.2

Proof of Theorem 1.4.2. Consider the change of variables (3.2.6). Thus, from (3.4.1) and Lemma
3.4.1, it suffices to find a critical point of the functional ®. : (0,00)* — R defined by

O (p) = e E(E()).
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From Proposition 3.4.2 and the expansion given by Lemma 3.2.2, we obtain

00,
O

_ oV,
B i

(1)

(u)+o(1) foralli=1,2,... k,

where o (1) — 0 uniformly on the vectors p satisfying M~' < p; < M for any fixed positive M
that is sufficiently large, and Wy is the functional defined in (3.2.8). We claim that there exist
nr > 0, such that for n > ng, the function ¥y has exactly two nondegenerate critical points:
p = (s, py) and pTt = (g%, s, ..., p1h), where pf ™ and pi* are respectively a strictly
maximum and strictly minimum on (0, c0) of the function

-2 —2555
p — aspy © — agklog puy — agnuy T

and pf is a strictly maximum on (0, 00) of the function
wi — (k—i+ 1)aglogu; —asp; fori=2,3,... k,

where constants a;s are given in (3.2.9)-(3.2.14). Indeed, let

_ob+2

fw) = aspy ? — azklog pn — agnuy "
By differentiating and equating to zero, we get
_ _ B+2 —25t5 -1
f() = —2asp7® — kaopuy ' + 2 agnpy =0,

N -2
from where it follows that

as N —2 2%_2+6%N_2M2%>0.

T= w6 B2 Qa5 B2

Consider now the function

N —2 58+2 N —2 ,5+2
a5752N72_2 k:aQ 82N72

s)=—
9) =5 2a6 f+ 2
which reaches a unique strict positive minimum at s = s* > 0. This leads to that f possesses

*

exactly two critical points: a strictly minimum point p;* and a strictly maximum point p™* that

verify 0 < pi* < pi™ and f"(uy™*) > 0 and f”(u]*) < 0 for n > ng, with n chosen sufficiently

large. On the other hand, for each ¢ = 2,3, ..., k, the function
hi(pi) = az(k — i+ 1) log p; — agp;

verifies 1/ (1;) = ag(k —i + )u; ' — az and B (;) = —az(k — i+ 1)p; %, and has a unique strict

az(k(;iﬂ)_ Consequently, p=* = (,uli*,u;, ..., ;) are the only critical

points of the functional Wy, which are non-degenerate.

maximum point at p; =

It follows that VW is stable with respect to small and uniform perturbations. Hence, if
0+ are arbitrary neighborhoods of p** in (0, 00)* with quite small diameters and such that T

88



(0,00)*, then the topological degrees deg(V¥}, 0%, 0) are well defined and deg(V ¥, U+, 0) # 0.
By considering the homotopy H; = tV®, + (1 — )V, on BT, for 0 <t < 1, we get

deg(V®,, 0%, 0) = deg(VUy;, UF,0) # 0

for all € > 0 sufficiently small. Thus, for ¢ > 0 small enough, there exists a critical point ,u,gc =
(ufs, H2e,- -, Mie) of Po such that
,ufa =pf* +o(1) and g =pf +o(l) forall i=23, ...k,

where 0(1) — 0 as ¢ — 0. Furthermore, due to change of variables (3.6.9), this is equivalent to
saying that the points {f = (§fa,§§fa, - ,522), where
+ +
§fcg = log Hle and fl-is = log Hie - ifi=2,3,...k,

I \/g ’ ,U/Q,E e Hi,55 2

are critical points of €.(€) = E.(V + ¢(¢)) and, from Lemma 3.4.1, functions vi"_ = V + ¢(£%) are
solutions to (3.1.6). Therefore,

k

vee(p,0) =) (W (p — ﬁi> +1ex ,(p,0)) + ¢ (62) (0,0) forall (p,6) €9,
i=1

is a solution of (3.1.6), and thus, going back in the change of variables, the function

_ 24« fi
i,e

k N=2

e N-2 24+

Ui, (2) = Yna Y (( ey > + ﬂ'ui,a(x)) + pe(z) forall z € Q,
i=1 e N-2 Sie | ‘x|2+06 ’

2 e+ 2i—1
where ¢.(x) — 0 uniformly on compacts contained in Q as e — 0 and u;te = ¢ N-2%: = M;eN=2,

is a solution of (3.1.1). This finishes the proof. O

3.6 Proof of Theorem 1.4.6

Consider again spherical coordinates z = x(p, ) centered at the origin, where p and @ are given by
p=|z| and 6 = ra7> and the transformation 7°

o(p,0) = T(u)(p,0) = <N2_2> Ty 2%9),  forall (p.0)€D.  (3.6.1)
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where D := {(p,0) : p > ko(#), 6 € SN~} with rg : S¥~! — (0,00) is a continuous function. After
this change of variables, problem (1.4.5) becomes

« 2 2 ap42)
L(v) = a.e”|v|Pa™% — A\, () eN=2"y in®,

N -2
v=20 on 09, (3.6.2)
lim v(p,0) =0,
lp|—00
_ N-2

where G. := (852)" 2%2° and L. is as in (3.1.7).

The energy functional to study now is

E.(v) :=I.(v) + K- (v), (3.6.3)

1 2 \? Ov |2 a .
I 2 2 ‘7 2\g dG—E/ PE | y|Pat1=¢ d 4B 6.4
(v) 2/@(<N2> |Vov|” + 8/)‘ +|v> P prany gl I |v] pdf (3.6.4)

A 2 \? [ 2642
K.(v) := EE (N—2> /@e -2 Plv)? dp dé. (3.6.5)

Similarly as before, for ¢ = 1,...,k, let &, u; € R be values such that 0 < & < --- < & and
&= ¥ log p1;. We seek a solution of (3.6.2) of the form

k
ke (p,0) = Y (W(p = &) +1lg,a(p,0)) + $(p,6), (p.0) €D, (3.6.6)
i=1
where Il¢ , solves the problem
L(Ile o) =0 in®,
’ (3.6.7)
Hg’a = —W(~ - 5) on 09.

All results in Section 3 are valid in this setting. Now, it is convenient to introduce the notation

k
Wilp) :=W(p—&), Mi=Mgo, Vi=W;+IL, V=)V (3.6.8)
i=0
and choose appropriate parameters §;s depending on p;s, namely
1
& = —3 loge —logp1, &iv1 —& = —loge +log i1, foralli=1,2,... k—1. (3.6.9)

where p;s are positive parameters to be determined. We get
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Lemma 3.6.1. Let k € Nk > 2 and § > 0. Asssume that

S<pi<d ' fori=1,2,... k. (3.6.10)

N4p
Futhermore, consider A\e = neN=2, for some n > 0 sufficiently large. Then, for V defined in (3.0.8)
and points &s in (3.6.9), there are positive numbers ay, as,as, aq, a5 y ag depending only on N and

« such that )

k
E.(V) =kay +eWi(p) + ?(510555)@2 + keay + €O (),

where g = (m,,ug, e uuk)’

k k
1 . _92 (B+2)
U (p) = —as Z — —ay Z(k; — i+ 1)log p; + kaglog juy + asp? + agnpy N> (3.6.11)

i=2 " i=2

and O (p) — 0 as e — 0 uniformly with respect to the values of p; satisfying (3.6.10), where ay, as, as
and ag are given by (3.2.9), (3.2.10), (3.2.11) and (3.2.1}) respectively, and

N—-2
_ 1 N — 2\ 2+ o0 " e .
a4 ‘= — uiN ! << - — log <> >/ Wpa+1dp—/ WrPatl 10ngp> (3.6.12)
Py + 1\ \ph+1 2 —0 0

and

o om (ALY 3613

The proof of Lemma 3.6.1 is very similar to the proof of Lemma 3.2.2. The main difference
is to avoid using the regular part of Green’s function, which is achieved by a Taylor expansion of
Io(Vi).

Proof of Theorem 1.4.6. We consider the change of variables (3.6.9). Thus, from (3.4.1) and
Lemma 3.4.1, it suffices to find a critical point of the functional ®. : (0,00)* — R defined by

D (p) = e E(E(p))-
From Proposition 3.4.2 and the expansion given by Lemma 3.2.2, we obtain

o0 OV,
O H= O

(u)+o(1) foralli=1,2,... k,

where o (1) — 0 uniformly on the vectors p satisfying 6! < p; < & for any fixed positive § that
is sufficiently large, and Wy is the functional defined in (3.6.11). We claim that ¥; has one non
degenerate critical point p* = (uj, 13, ..., py), where pj and p are, respectively, critical points in
10, +00] of the functions

2 B+2

pn = aspd + agklogpn +agnpy N7 and g —ag(k — i+ 1) log g — asp;

if i = 2,3,...,k and the constants a; are given by (3.2.9), (3.2.10), (3.2.11), (3.6.12), (3.6.13) and
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(3.2.14) respectively. Indeed, let

_obB+2
flu1) = aspi + asklog g + agnpy "2

By differentiating and equating to zero, we get

_ + 2
f'() = 2asp1 + kagpyt — 2 b

N — 2a6771u’1 = 07

from where it follows that

as N —2 28f249 Lkay N —2 28+2
77:757,“«1]\[72 +7727M1N—2>0'
ag B+2 2a¢ B+2

Consider now the function

a5N—2 2%4,2 ka2N-282%

9(8)2;664-2 2a6 B+2

which reaches a unique strict minimum at s = 0. This leads to that f possesses a unique strict
minimum point p} which verifies f”(uf) > 0 for n > ng, with 7 chosen sufficiently large. On the
other hand, for each i = 2,3, ..., k, the function

hi(pi) = —ag(k — i+ 1) log pu; — azp; !

verifies hf(1;) = —aa(k — i+ Dyt + agp; ? and b (1) = az(k — i + 1)p; ? — 2a3p; °, and has a
unique strict maximum point at p; = m Consequently, p* = (7, 13, . .., p7;) is the only one
critical point of the functional Wy, which is non degenerate.

It follows that VW is stable with respect to small and uniform perturbations. Hence, if % is
an arbitrary neighborhood of u* in (0, 00)* with quite small diameter such that 0 C (0,00)¥, then
the topological degree deg(VW¥y,%,0) is well defined and deg(V¥y,U,0) # 0. By considering the
homotopy H; = tV®. + (1 — )V, on Y, for 0 <t < 1, we get

deg(V®.,T,0) = deg(VVy,0,0) # 0

for all € > 0 sufficiently small. Thus, for ¢ > 0 small enough, there exists a critical point p} =
(MT@? P oo M .) of ®. such that

pie=p3+o(l) and pic=p;+o(l) forall i=2,3,... k,

where 0o(1) — 0 as ¢ — 0. Furthermore, due to change of variables (3.6.9), this is equivalent to
saying that the point & = ({16, 82., - -+, &ke), Where

1 P2 - - - i .
&1 =log and e =log————=—— forall i=2,3,...k,
’ \/gﬂl,a ' .

H1e€ 2

is the critical point of €.(€) = E.(V + ¢(&)) and, from Lemma 3.4.1, the function v, =V + ¢(&,)
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is a solution to (3.6.2). Therefore,

M»

W(p = &ie) + e, a(p,0)) + ¢(€:)(p,0),

Vk e pv
1:1

for all (p,0) € D is the solution of (3.6.2). Then, going back to the original variables, we conclude
that

k 6%&’6 %
ukvf(x) = ’.YN?O‘ Z (( 2(2+a) o > + ﬂ—ﬂi,aa(x>> + ‘.,L.’Q—Ngoa(x)?
e N

i—1 - &iye + |x‘2+a

for all z € ]RN \ Bi1, where |:1:\2 N (z) — 0 uniformly on compacts contained in RV \ By as ¢ — 0
1—
and p; . = eN- wabie = M;e~—2, is a solution of (1.4.5). This concludes the proof. O
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Chapter 4

Conclusions and future problems

In this chapter we name some important conclusions obtained in this work. Firstly, Theorem (1.4.2)
and Theorem (1.4.6) provide results on the existence of positive solutions for a slightly supercritical
problem (and slightly subcritical for the exterior domain case), which are nontrivial extensions of the
works by Liu in [27] and Del Pino, Dolbeault, and Musso in [13|, where they considered the unit ball
B as the domain, whereas we chose a more general domain with certain symmetries. To be more
specific, the results prove that, for supercritical exponents, it is possible to address the question
of the existence of positive solutions to the problem (3.1.1) in some star-shaped domains, which
is undoubtedly a remarkable fact given the well-known Pohozaev non-existence result for classical
solutions. Moreover, this existence result also extends to the case of the exterior domain. The same
can also be said for Theorem 1.4.1, but this result is even more remarkable because, as far as we
know, no such result exists in the literature, making it a significant achievement and we believe it
will be valuable for future works involving the Bilaplacian operator. Finally, another very interesting
aspect of this work is that the solutions found were constructed explicitly, providing a very precise

asymptotic profile of the actual solution to the problem.

We would also like to add that the present work is far from being a final study of the problems
investigated. An interesting problem that could be analyzed is the existence of positive or sign-
changing solutions for the Hénon problem

A%y = |z|*uP>2 + N\ou in By,
u = 0 on 8B]_,

where p7 o = % and A\. — 0 as ¢ — 0. According to what is presented in this thesis, a key
point for finding solutions to the problem is to explicitly know the solutions to the limiting case, in
other words, when the domain is RY. A recent result proved the existence of radially symmetric
solutions with respect to the origin for the problem

* .
A2y = |z|*uPa2  in RV,
u >0 in RV,

so, it would be interesting to see if this result can be expanded for a bounded domain.
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Lastly, it seems very interesting to study the problem

(=A)*u = |ulPs*e + A |z|Pu in By,
u > 0 in By,
U= 0 on RV\ By,

where A® is the fractional Laplacian operator, with 0 < s < 1, N > 2s and p} = %fgz This
operator has garnered significant interest in the field of partial differential equations in recent years,

with new results being continuously obtained, making it very fascinating to study.
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